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ABSTRACT 
This study  reveals  the  relationship  between  the  physical  parameters 
and  the  principal  limit  cycle  oscillation of a  pulse-modulated  feedback 
system of the  type  used  for  attitude  control  in  satellites.  Explicit 
relationships,  derived  analytically as they are here, have  previously 
been known only  for  a  simpler  class of system, and  those  relationships 
were  derived by analytical  methods  other  than  the on developed  here. 
The  pulse  actuation used in this  system  implies  there  will be a 
limit  cycle  oscillation  about  the  equilibrium  point. A two-pulse  limit 
cycle  is  the most efficient  and  most  accurate  one  possible.  Therefore, 
the  principal  goal  of  this  work  is  to  establish  the  necessary  and  suf- 
ficient  conditions on the  various  physical  parameters  in the  system  to 
insure  the  existence  and  stability of the  two-pulse  limit  cycle 
oscillation. 
An integral-pulse-frequency  modulator  is  established  as  having  the 
requisite  steady-state  dynamic  characteristics for the  existence  of  the 
two-pulse  limit  cycle. The stability  of  the  limit  cycle is  then  determined 
from  a  transient  analysis  of  the  system,  using  a  method based on the  geo- 
metrical  properties  of  the  state  transition  equations.  Previously,  sta- 
bility  analysis  of  this  nature  has  been  approached  using  Lyapunov-like 
methods  or  conventional  frequency  domain  techniques. 
The  conditions  under which four-pulse,  six-pulse, and  higher  order 
limit  cycle  oscillations can occur are also  determined, and  their  exis- 
tence  is  verified  experimentally,  using  digital  simulation. 
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Chapter I 
INTRODUCTION 
A .  A t t i t u d e   C o n t r o l   o f   R i g i d  Body S a t e l l i t e s  
” 
I t  has been shown t h a t  t h e  a n g u l a r  p o s i t i o n ,  or a t t i t u d e ,  o f  an 
o r b i t i n g  s a t e l l i t e  is  c o n t r o l l e d  e f f i c i e n t l y  a n d  r e l i a b l y  by  torquing  
devices   which   opera te   in   an   on-of f   fash ion  [1,2,3,4,51. An important 
c l a s s   o f   on -o f f   t o rqu ing   dev ices  i s  the   pu l sed   t ype .   In  a c o n t r o l  s y s -  
t e m  u s ing  a p u l s e d  t o r q u e r ,  t h e  c o n t r o l l e r  (or pulse  modulator)  emits  
s i g n a l s  t o  t h e  t o r q u i n g  d e v i c e ,  w h i c h  is  commonly a co ld  gas  expuls ion  
v a l v e ,  a t  d i s c r e t e   i n s t a n t s   o f  time. I n   r e s p o n s e   t o   t h e   c o n t r o l l e r   s i g -  
n a l ,  t h e  v a l v e  o p e n s  r a p i d l y ,  r e m a i n s  o p e n  f o r  a s h o r t  time, and  then 
c l o s e s   r a p i d l y .  A s  a r e s u l t  o f  t he   expu l s ion  of t h i s  small amount of 
g a s ,  t h e  c o n t r o l l e d  body a c q u i r e s  a small change in  i t s  angu la r  momentum. 
In a r i g i d  body t h a t  is n o t  s p i n n i n g ,  t h i s  i s  man i fe s t ed  in  a small  change 
i n  a n g u l a r  v e l o c i t y  a b o u t  t h e  c o n t r o l l e d  a x i s .  A block  diagram f o r  a 
t y p i c a l  a t t i t u d e  c o n t r o l  s y s t e m  is  shown i n  F i g .  1. 
The c o n t r o l l e d  body is  t a k e n  h e r e  t o  be r i g i d  a n d  t o  s p i n  a t  a low 
enough r a t e  t h a t  t h e  t o r q u e  a p p l i e d  a b o u t  t h e  c o n t r o l l e d  a x i s  c a n  p r o -  
duce   mo t ion   e s sen t i a l ly   abou t  t h a t  a x i s  o n l y  [21. The change  in  mass, 
due t o  t h e  loss of   gas ,  i s  neg lec t ed .  Thus the  dynamic  behavior of t h e  
body  about   he   cont ro l led   ax is  is desc r ibed  by Eq. (1.1) where J i s  t h e  
moment o f  i n e r t i a  
J g ( t )  = m(t )  (1.1) 
of   t he  body and m(t.1 is  the   to rque  on the  body.   m(t)   includes  both 
the torque produced by t h e  expel led  gas  and  any  ex terna l  to rques  such  
as t h o s e  d u e  t o  t h e  g r a d i e n t  o f  t h e  g r a v i t a t i o n a l  f i e l d ,  u n b a l a n c e d  s o l a r  
r ad ia t ion  p res su re ,  unba lanced  ae rodynamic  d rag ,  and  mic rometeo r i t e  i m -  
p a c t .  A l l  of t h e s e   e x t e r n a l   t o r q u e s  are n e g l e c t e d   h e r e .  
The a n g u l a r  p o s i t i o n  s e n s o r ,  w h i c h  is t y p i c a l l y  a gyroscope, a s tar  
t r a c k e r ,  or a hor i zon   s enso r ,   p roduces  a s i g n a l   p r o p o r t i o n a l   t o  8,  t h e  
angular   d i sp lacement  of t h e  body  from i t s  e q u i l i b r i u m   p o s i t i o n .  The sen- 
sor s i g n a l   e s ( t )  is  contaminated  with  noise ,   the   inf luence  of   which is 
d iminished  b y  t h e  u s e  o f  a ’!dead-zone  elementll as shown i n  F i g .  1. 
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Fig .  1. PULSE-MODUUTED  ATTITUDE CONTROL SYSTEM. 
A l t h o u g h   t h e   n o i s e   c o n t e n t   o f   e s ( t )  is neg lec t ed 'he re ,   t he   dead -zone  
element  i s  inc luded .  
No e x t e r n a l   t o r q u e   d e p e n d e n t   o n   t h e   a n g u l a r   v e l o c i t y  e .  is a v a i l -  
a b l e ,  so  i t  is n e c e s s a r y  t o  p r o v i d e  a fldampingff  torque  through  the  con- 
t r o l  v a l v e .  T h i s  is accomplished  in  much t h e  same way a s  i t  is  i n  a 
servomechanism, i .e . ,  by a ra te  c i r c u i t  i n s t a 1 , l e d  i n  t h e  f e e d b a c k  p a t h ,  
hav ing   t he   dynamic   p rope r t i e s   desc r ibed   by  Eq. (1 .2 ) .  a is  c a l l e d   t h e  
l e a d   r a t i o   o f   t h e  ra te  c i r c u i t ,   a n d  K is t h e   s e n s i t i v i t y   o f   t h e   p o s i -  
t i o n  s e n s o r .  
P u l s e   m o d u l a t o r s   w h i c h   o p e r a t e   s o l e l y   u p o n   t h e   i n p u t   s i g n a l   e ( t ) ,  
i n  acco rdance  wi th  a p r e s e t  l o g i c  c a r r i e d  i n s i d e  t h e  m o d u l a t o r ,  a r e  i n  
common u s e  i n  modern s a t e l l i t e s  and i n  many o t h e r  c o n t r o l  s y s t e m s .  Some 
o f   t hese   modu la t e   t he   pu l se   s t r eng th  (or p u l s e  d u r a t i o n ) ,  some t h e  
in t e rva l  be tween  success ive  " f i r ing  s igna l s , ' I  and  some modulate  both of 
t h e s e   q u a n t i t i e s   t o g e t h e r .  Common names for   these   modula t ion   schemes  
a r e   p u l s e w i d t h  (PW), pulse   f requency  (PF) ,   and  pulsewidth-pulse   f requency 
(PWPF). S u b s t a n t i a l   l i t e r a t u r e   o n   v a r i o u s   a s p e c t s   o f  t h e  dynamic  be- 
hav io r  o f  con t ro l  sys t ems  employ ing  such  dev ices  ex i s t s  [6 ,7 ,8 ,9 ,101 .  
In  s a t e l l i t e  a t t i t u d e  c o n t r o l  s y s t e m s ,  r e l i a b l e  m o d u l a t i o n  o f  t h e  
p u l s e  d u r a t i o n  is  n o t  p o s s i b l e  for d u r a t i o n s  less than  a given  amount, 
which is t y p i c a l l y  10 t o  50 m s  fo r   gas   va lves .   Because  of t h i s  minimum 
p u l s e  d u r a t i o n ,  t h e  a n g u l a r  v e l o c i t y  of the  cont ro l led  body cannot  be  
changed  by  an amount less than  p/J, where p is t h e   s t r e n g t h   o f   t h e  
minimum pu l se .   The re fo re ,  when t h e   c o n t r o l l e d  body is n e a r  i t s  e q u i l i b -  
r i u m   p o s i t i o n ,  i t  w i l l  osc i l la te  i n  a limit c y c l e ,  e x c e p t ,  o f  c o u r s e ,  i n  
t h e   u n l i k e l y   s i t u a t i o n   w h e r e  e = 0 ,  8 = 0 and  no d i s t u r b i n g   t o r q u e s  
a r e   p r e s e n t .   T h e s e  limit c y c l e  o s c i l l a t i o n s  are  t h e   s u b j e c t   o f  t h e  s tud-  
ies d e s c r i b e d  i n  t h i s  d i s s e r t a t i o n .  
I t  is well-known  from  previous work  C2,71 t h a t  a t t i t u d e  c o n t r o l  s y s -  
tems similar t o  t h a t  d e s c r i b e d  i n  F i g .  1 c a n  e x h i b i t  limit c y c l e  o s c i l l a -  
t i o n s  a b o u t  t h e  e q u i l i b r i u m  p o i n t  h a v i n g  two pu l ses  o f  t o rque  pe r  cyc le ,  
f o u r  p u l s e s  p e r  c y c l e ,  s i x  pu l ses ,  and  so fo r th ,  depend ing  upon t h e  i n i t i a l  
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va lues   o f  0 and 6 .  I t  i s  o r d i n a r i l y ,  assumed tha t   he   two-pu l se  l i m i t  
c y c l e  ‘is t h e  most d e s i r a b l e  b e c a u s e  for a g iven  maximum excur s ion  of  8 
t h e  p e r i o d  o f  the limit c y c l e  i s  maximized  and  therefore  the  fue l  expended  
f o r  c o n t r o l  i n  a lengthy  miss ion  is minimized. 
I t  has  no t  been  p rec i se ly  known how the phys ica l  parameters  of  the 
s y s t e m ,  J: p, a ,  K ,  O d ,  and t h e  modula-tor scheme are  r e l a t e d   t o   t h e  
l i m i t  cyc le   behavi .or  of t h e  sys tem.  I n  p a r t i c u l a r ,  i t  has not   been known 
how t h e s e  s y s t e m  c h a r a c t e r i s t i c s  c a n  b e  c o m b i n e d  t o  g u a r a n t e e  t h a t  no 
limit cycle  except  the  two-pulse 1imi.t c y c l e  w i l l  e x i s t .   F a r r e n k o p f ,  
Sabrof f ,   and   Wheeler ,   in  1963 [21 made e s s e n t i a l l y  t h i s  de t e rmina t ion  
f o r  a system similar t o  t h a t  i n  F i g .  1 but  wi thout  t h e  nonl inear  dead-  
zone  element.  They used a modif ied Lyapunov theorem [11] t o  e s t a b l i s h  
t h e  e x i s t e n c e  o f  limit c y c l e s  i n  a g iven  r eg ion  nea r  t h e  equ i l ib r ium 
p o s i t i o n  a n d  i n v e s t i g a t e d  t h e  s t a b i l i t y  o f  t h e  limit cycles by p o i n t  
t r ans fo rma t ion   t echn iques  c121. 
I n  e n g i n e e r i n g  p r a c t i c e ,  t h e  de t e rmina t ion  of t h e  limit cycle  be- 
h a v i o r  o f  a t t i t u d e  c o n t r o l  s y s t e m s  i s  o r d i n a r i l y  done  empir ica l ly ,  us ing  
s i m u l a t o r s .   T h i s   a p p r o a c h   r e s u l t s   i n   p r a c t i c a l   s o l u t i o n s   t o   s p e c i f i c  
c ies ign problems but  does not  contr ibute  very much t o  a n  u n d e r s t a n d i n g  o f  
t h e  g e n e r a l  n a t u r e  of the  dynamic  behavior   of   such  systems.  An a n a l y t i -  
ca l  s t u d y ,  s u c h  a s  that  p re sen ted  here ,  even  though it i s  done  on a. s imp le ,  
idea l ized  sys tem which  is devoid of  many o f  t h e  f e a t u r e s  f o u n d  i n  p r a c t i -  
ca l  sys te r t l s ,  p rovides  a foundat ion  for u n d e r s t a n d i n g  e x p e r i m e n t a l  r e s u l t s  
and,  fur ther’ ,  for  meking ciesign modif icat ions to  improve.  the performance 
of the system. 
B.  Statement  of Research Problem 
”
Figure  1 d e s c r i b e s   t h e  s y s t e m  s t u d i e d  here .  S e v e r a l   s i g n i f i c a n t  
p r a c t i c a l  f e a t u r e s  o f  a t t i t u d e  c o n t r o l  s y s t e m s  h a v e  b e e n  s u p p r e s s e d  i n  
t h i s  work t o  make a n a l y s i s   p o s s i b l e .   N o i s e   i n  t h e  s e n s o r   s i g n a l  e s ( t >  
is not   cons idered .   Externa .1   d i s turbance   to rques  are n o t   c o n s i d e r e d .   I t  
is assumed t h a t  t h e  feedback c h a n n e l  t r a n s m i s s i o n  c h a r a c t e r i s t i c s  a r e  
symmetr ica l   a l though  nonl inear .  The va lve  i s  a l s o  assumed to  produce 
p u l s e s  i n  t h e  p o s i t i v e  s e n s e  wh ich  a r e  e q u a l  i n  s t r e n g t h  t o  t h o s e  i n  t h e  
n e g a t i v e   s e n s e .  I t  i s  f u r t h e r  assumed t h a t  t h e  p u l s e s  are of  uniform 
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s t r e n g t h  ( c o r r e s p o n d i n g  t o  t h e  minimum p o s s i b l e  p u l s e  d u r a t i o n )  a n d  t h a t  
t h e i r  d u r a t i o n  is  shor t  enough compared  to  the  in te rva l  be tween pulses  
tha t  t he  pu l se  can  be  r ep resen ted  ma themat i ca l ly  as an  impulse.  Thus , 
m ( t )  is a sequence   o f   impu l ses   o f   un i fo rm  s t r eng th   occu r r ing   a t   i n s t an t s  
of  time and  wi th  a lgeb ra i c  s igns  wh ich  are de termined  by  the  log i -  
ca l  scheme in   the   pu lse   modula tor .   Pulsewidth-pulse- f requency   modula tors  
approximate   th i s   behavior   near   the   equi l ibr ium  poin t .   Because   the   to rque  
p u l s e s  are approximated   by   impulses ,   the   angular   ve loc i ty   A( t )  is d i s -  
c o n t i n u o u s  a t  e a c h  f i r i n g  i n s t a n t .  
tk '  
The s p e c i f i c  r e s e a r c h  t a s k s  w h i c h  were accomplished and which are 
d e s c r i b e d  i n  t h i s  d i s s e r t a t i o n  are d e f i n e d  a s :  
Modulator. I t  is n e c e s s a r y   t o   f i n d  a modulation  scheme  that 
w i l l  produce a sequence of produce a sequence of p u l s e s  i n  
r e s p o n s e   t o   e ( t )   w h i c h  w i l l  move t h e  body i n  a two-pulse 
limit c y c l e  mode o f  o sc i l l a t ion ,  hav ing  an  accep tab le  ampl i -  
t ude .  A modula t ion   scheme,   de te rmined   on   the   bas i s   o f   the  
s t e a d y - s t a t e  l i m i t  cyc l e  behav io r  of t h e  s y s t e m ,  gua ran tees  
t h e  e x i s t e n c e  o f  t h e  t w o - p u l s e  limit c y c l e ,  b u t  i t  does  not  
d e t e r m i n e   t h e   t r a n s i e n t '   p r o p e r t i e s   o f   t h e   s y s t e m .  The t r an -  
s i e n t  b e h a v i o r  c o u l d  e x h i b i t  h i g h e r  o r d e r  limit cyc le  o s c i l l a -  
t i ons ,  depend ing  upon t h e  i n i t i a l  c o n d i t i o n s ,  o r  i t  could show 
the two-pulse limit c y c l e  t o  b e  u n s t a b l e .  
S t a b i l i t y  of Two-Pulse L i m i t  Cycles .  The pr imary  goal   of  t h i s  
work is t o  e s t a b l i s h  t h e  p r e c i s e  r e l a t i o n s h i p  b e t w e e n  t h e  s y s -  
t e m  p a r a m e t e r s  a n d  t h e  s t a b i l i t y  o f  t h e  t w o - p u l s e  l i m i t  cyc l e .  
This  problem i s  approached in  such a  way t h a t  t h e  e x i s t e n c e  
and s t a b i l i t y  o f  t h e  t w o - p u l s e  limit c y c l e  a r e  e s t a b l i s h e d  f o r  
i n i t i a l  c o n d i t i o n s  o f  t h e  s ta te  v e c t o r  i n  a r eg ion  con ta in ing  
t h e  e q u i l i b r i u m  p o i n t .  
C o n v e r g e n c e   o f   t h e   S t a t e   T r a j e c t o r y .   I t  is e s s e n t i a l  t o  deter-  
mine t h e  c o n d i t i o n s  u n d e r  w h i c h  t h e  s t a t e  t r a j e c t o r y ,  w h i c h  
d e s c r i b e s  t h e  m o t i o n  o f  t h e  c o n t r o l l e d  b o d y ,  w i l l  converge with 
t i m e  t o   t h e   s t a b l e   t w o - p u l s e  limit c y c l e .   I n i t i a l   c o n d i t i o n s  
f o r  t h e  s ta te  v e c t o r  m u s t  b e  a r b i t r a r y .  
Ex i s t ence  of Highe r   Orde r   L imi t   Cyc le s .   I f   t he   cond i t ions   fo r  
t h e  e x i s t e n c e  and s t a b i l i t y  o f  t w o - p u l s e  l i m i t  c y c l e s  are not  
m e t ,  t h e n   p e r h a p s   s t a b l e   h i g h e r   o r d e r  l i m i t  c y c l e s   e x i s t .  The 
e x i s t e n c e  o f  s u c h  l i m i t  cyc les  and  the  condi t ions  under  which  
they  occur  are e s t a b l i s h e d  e x p e r i m e n t a l l y  as a n a t u r a l  e x t e n s i o n  
of t h e  work  on the two-pulse limit c y c l e .  
r e s o l u l t i o n  o f  t h e s e  q u e s t i o n s  is d e s c r i b e d  
I V ,  and V ,  and a summary of t h e  s i g n i f i c a n t  f e a t u r e s  
5 
i n   C h a p t e r s  11, 111, 
o f  t h e  work i s  i n  
Chapter  V I .  Chapter  VI1 o u t l i n e s   s e v e r a l   r e s e a r c h   p r o b l e m s   f o r   f u t u r e  
work which  might  ex tend  the  usefu lness  of t h e  s t a b i l i t y  a n a l y s i s  t e c h n i q u e  
developed here .  
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Chapter I1 
THE MODULATOR 
A .  ~ Necessary  Input-Output  Characteristic 
The  terminal  characteristics  of  the  modulator  necessary  for the 
existence of a  two-pulse  limit  cycle  are  determined  here,  using  a  scheme 
somewhat  like  the  describing  function  method  in  elementary  control  theory 
[13,141. The  method  employed  is an exact one, however,  whereas  the  de- 
scribing  function  method  is an approximate  one. 
It is  assumed  that  the  system  is  in  a  steady-state  limit  cycle  oscil- 
lation of the  desired  amplitude, so that m(t) consists  of  a  sequence  of 
pulses of alternating  sign  occurring  at  the  required  instants.  The  resul- 
tant  feedback  signal e(t) is  calculated, and this is  the  input of the 
modulator. 
Figure 2 shows  the  approximate  torque  pulse  applied to the  controlled 
body  by  the  gas  jets  in  response  to  a  firing  signal  occurring  at  time . 
A "dead-time"  occurs  right  after 
tk because  some  time  is  re- 
quired  for  the  valve to open 
and  for  gas  flow  to be estab- 
lished in the conduit leading ~ / ! x " l  
from  the  valve  to  the  exhaust 
orifice.  For  the  study of limit 
cycle  behavior,  this dead-time t = t  
can  usually be neglected  and 
the  actual  pulse  approximated 
by  a  rectangular  pulse M 
newton-meters in amplitude  and 
h  seconds  in  duration, as shown 
in  Fig. 3. The strength of the 
pulse Mh is  taken  to be the 
area  under  the m(t> curve in 
Fig. 2. It is  further  assumed 
that  h  is  very  small  compared 
to the  interval  between  pulses, 
tk 
l k  
Fig. 2. TORQUE  PULSE  OCCURRING AT 
k' 
Fig. 3. FIRST  APPROXIMATION 
TO TORQUE  PULSE. 
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so t h a t  m ( t )  may be r e p r e s e n t e d   b y  a series of i m p u l s e s   h a v i n g   s t r e n g t h  
p = Mh, as shown i n   F i g .  4 .  Here, it is  assumed t h a t  t h e  i n t e r v a l  be- 
tween  pulses  is uni form,  so t h e  limit c y c l e  is symmetrical a b o u t  t h e  e q u i -  
l i b r i u m  p o s i t i o n  w i t h  a p e r i o d  T = (t  k+2 - t k ) '  
m 11) 1' I' 
With m ( t )  as shown i n   F i g .  4 ,  
t h e  a n g u l a r  v e l o c i t y  of t h e  con- 
t ro l l ed  body w i l l  be d i scon t inuous  
a t  t h e  f i r i n g  i n s t a n t s  a n d  c o n s t a n t  
between  them, a s  shown i n  F i g .  5 .  
The cor responding  B ( t )  has t h e  
t r i a n g u l a r  waveform  shown i n  Fig.  6 .  
'k 
F i g .  4 .  SECOND  APPROXIhlATION 
TO PULSE TRAIN m ( t ) .  
A t  t h i s  p o i n t ,  i t  is p o s s i b l e  t o  
choose the ampl i tude  of @( t )  t o  
sa t i s fy  the  pe r fo rmance  r equ i r emen t s  
of t h e  a t t i t u d e  c o n t r o l  s y s t e m . T h i s  
is a n  a r b i t r a r y  c h o i c e ,  b u t  i t  would 
l i k e l y  be made on t h e  bas i s  of  t h e  
dead-zone   wid th .   For   th i s   tudy ,  
t h e  a m p l i t u d e  is t a k e n  t o  be e q u a l  E I 5 t )  2J 7 
I I F l  I 
I I t o  t h e   a l l o w a b l e  s t a t i c  p o s i t i o n  
+i tk:l +k:2 tk:3 "t 
I I I I 
error Qd. Thus w e  have 
P I  "_ 1- 1- 
I 
- = ed PT 
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F i g .  5 .  b ( t )  FOR  SYnlMETRICAL 
LIMIT CYCLE  OSCILLATION. I n  what f o l l o w s ,  i t  t u r n s   o u t  tha t  
t h i s  i s  n o t  a c r u c i a l  a s s u m p t i o n ,  
b u t  i t  is  a convenient   one t o  make a t  t h i s  po in t  because  it  d e f i n e s  t h e  
pe r iod  T i n  terms of t h e  parameters  p, J ,  and ed. 
e,(t) is  j u s t  a l i nea r   combina t ion   o f  B ( t )  and b ( t ) .  I t s  wave- 
form i s  shown i n   F i g .  7 .  e N ( t )  is  t h e  i n p u t  t o  t h e  dead-zone  lement, 
so e ( t )  may be  determined from e N ( t )  i f  t h e  c h a r a c t e r i s t i c s  of t h e  
dead-zone  element are  known.  The wid th  of t h e  dead zone i s  chosen t o  
cor respond t o  t h e  allowable s t a t i c  error,  so it is  2 Ked, the   ha l f -wid th  
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Fig. 6. e(t) FOR SYMMETRICAL 
LIMIT CYCLE  OSCILLATION. 
I 
Fig. 7. eN(t) FOR SYMMETRICAL 
LIMIT  CYCLE  OSCILLATION. 
being  KOd.  The  slope of the  straight  portions of the e, eN character- 
istic  curve  is  taken  to  be 1. The  mathematical  description  of  the  dead- 
zone  element is 
e(t) = e (t) - K 8  for e > KOd N N d 
e(t.) = 0 f o r  -K8 < e < K 8  d -  N -  d 
e(t) = e (t) + Ked N f o r  e < -K8 N  d 
( 2 . 2 )  
If  the  waveform of eN(t)  is used  in (2.21, the  resultant  waveform f o r  
e(t) is  that shown  in  Fig. 8. The  input-output  behavior of the  modula- 
tor f o r  steady-state,  symmetrical,  two-pulse  limit  cycle  oscillations is 
thus  defined  by  Figs. 8 [the  input e(t)l and 4 [the output m(t)l. The 
internal  mechanism of the  modulator  must  be  such  that it will  produce 
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Fig .  8. e ( t )  FOR SYMMETRICAL LIMIT CYCLE OSCILLATION. 
t h i s  s p e c i f i c  i n p u t - o u t p u t  b e h a v i o r ,  w h a t e v e r  i t s  behavior  might  be for  
d i f f e r e n t  i n p u t  s i g n a l s .  The s e l e c t i o n  o f  a specif ic   modulat ion  scheme 
is d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n .  
B. The Integral   Pulse   Frequency  Modulator  
There is  no unique  modula t ion  scheme tha t  w i l l  s a t i s f y  t h e  r e q u i r e d  
i n p u t - o u t p u t   c h a r a c t e r i s t i c   d e s c r i b e d   i n   S e c t i o n  1 I . A .  A s imple   t iming  
d e v i c e ,  e m i t t i n g  p u l s e s  o f  a l t e r n a t i n g  s i g n s  a t  un i fo rm in t e rva l s  o f  
4Jed/p sec wou ld   have   t he   r equ i r ed   behav io r   even   i f   e ( t )  were i n  no 
way c o n n e c t e d  t o  t h e  t i m i n g  d e v i c e .  A t h r e s h o l d  d e t e c t o r  t h a t  would emit 
a pulse   whenever   e ( t )   reached  a l e v e l   o f  Kpa/2J V would a l s o   e x h i b i t  
t h e  same behavior .   In   choos ing  a modula t ion   scheme,   the   behavior   o f   the  
modu la to r  unde r  ope ra t ing  cond i t ions  o the r  t han  l i m i t  c y c l e  o s c i l l a t i o n  
must a l s o  be   cons idered .  The t iming  device  suggested  above  would  c lear ly  
be  unsui tab le  i f  t h e  c o n t r o l l e d  body  should  be  displaced  from i ts  e q u i l i b -  
r i u m  p o s i t i o n ,  b e c a u s e  t h a t  d e v i c e  w o u l d  b e  i n s e n s i t i v e  t o  t h e  a c t u a l  mo- 
t i o n  o f  t h e  c o n t r o l l e d  b o d y .  The th re sho ld   de t ec to r   wou ld  emit p u l s e s  
i f  a s h o r t  b u t  l a r g e  a m p l i t u d e  p u l s e  o f  n o i s e  s h o u l d  a p p e a r  on e ( t ) .  
F o r  t h e s e  r e a s o n s  t h o s e  two modulation schemes are  u n s a t i s f a c t o r y .  
A modulation  scheme, known t o  have some d e s i r a b l e  a t t r i b u t e s  i n  
p r a c t i c a l  s y s t e m s ,  i s  the   in tegra l   pu lse   f requency   ( IPF)   modula tor - -so  
named, appa ren t ly ,  because  a c o n s t a n t  v o l t a g e  a p p l i e d  t o  i ts  i n p u t  w i l l  
produce a sequence of  pulses  a t  un i fo rm in t e rva l s ,  t he  f r equency  o f  t h e  
s equence   be ing   p ropor t iona l   t o   t he   cons t an t   app l i ed   vo l t age   [2 ,6 ,71 .  Of 
c o u r s e ,   i f   e ( t )  is n o t   h e l d   c o n s t a n t ,   t h e n   m ( t )  may no t   be   pe r iod ic .  - -
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The d iagram in  F ig .  9 i l l u s t r a t e s  t h e  o p e r a t i o n  o f  t h e  I P F  modula- 
t o r .   I n   b e t w e e n   f i r i n g   i n s t a n t s ,   e o ( t )  is  p r o p o r t i o n a l   t o   t h e   i n t e g r a l  
o f   e ( t )  
Here KI is t h e   i n t e g r a t o r   g a i n   h a v i n g   t h e   d i m e n s i o n   ( s e c )  . KI may 
be set  e q u a l  t o  u n i t y  w i t h  t h e  l o s s  of no e s s e n t i a l  f e a t u r e  o f  t h e  s u b -  
s e q u e n t   a n a l y s i s .  When the   magn i tude   o f   eo ( t )   r eaches   t he   t h re sho ld  
v a l u e  A ,  a f i r e   s i g n a l  is  s e n t   t o   t h e   g a s   v a l v e ,   a n d   t h e   i n t e g r a t o r   o u t -  
pu t   vo l t age  e i s  reset t o   z e r o .  The i n s t a n t   h e   v a l v e   f i r e s  i s  
t = t and  here  it is assumed t o   c o i n c i d e   w i t h   t h e   i n s t a n t  e r eaches  
A .  T h u s ,   l e o ( t i ) l  = A and   eo ( tk )  = 0. 
-1 
0 
k' + 0 
The IPF  modulator is  s e l e c t e d  f o r  s t u d y  h e r e  b e c a u s e  it  is s imple ,  
because i t  i s  a device  used  in  many e x i s t i n g  c o n t r o l  sys t ems ,  and  because 
it i s  r e p r e s e n t a t i v e  o f  a l a r g e r  class o f  m o d u l a t o r s ,  a t  l e a s t  i n  i t s  
limit cycle   behavior .   For   example,  a PWPF modulator w i l l  behave  approxi- 
m a t e l y  t h e  same as the  IPF  modulator when e ( t )  i s  small, as is t h e  case  
when t h e  s y s t e m  is i n  a limit c y c l e  o s c i l l a t i o n .  
RESET eo TO ZERO 
7 
INTEGRATOR + A  
Fig .  9. SCHEMATIC DIAGRAM OF IPF MODULATOR. 
C .  I n t e g r a t o r   T h r e s h o l d   S e t t i n g  
I t  is apparent  f rom F i g .  8 t h a t  t h e  t h r e s h o l d  v a l u e  A must  be 
2 
KIKw . K p  
4 5  45 
2 
A = - - -  - f o r  K = 1 I 
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s i n c e  t h i s  is t h e   i n t e g r a l  of e ( t )   o v e r  the time in t e rva l   be tween  
p u l s e s .  The  modulator  must also p r o v i d e  t h e  a l g e b r a i c  s i g n  o f  t h e  re- 
q u i r e d  p u l s e  o f  t o r q u e .  I t  is apparent   f rom a comparison  of  Figs.  4 and 
8 t h a t  t h e  s i g n  of t h e  i m p u l s e  m u s t  b e  o p p o s i t e  t o  t h a t  o f  e o ( t i ) .  
d e n o t e s   t h e   s i g n  of the   pu lse   which   occurs  a t  t = t . t h e r e f o r e  
‘k 
k+l  ’ 
and  m(t)   has   the  form 
r -. 
m ( t )  = p 6 u ( t  - t 1. k+l 1 + 6k+l u ( t  - tk+2) + . . .J 
where p is  the  s t r e n g t h   o f   e a c h   p u l s e   a n d   u ( t - t  . )  is t h e  u n i t  i m -  
p u l s e   o c c u r r i n g  a t  t = t . .  
J 
J 
A i s  a combinat ion  of  the four   parameters  K ,  p, a ,  and J .  I f  
i t  were t o  be assumed t h a t   t h e   i n t e g r a t o r   t h r e s h o l d  is e x a c t l y  A ,  then  
there  c o u l d  b e  n o  a l l o w a n c e  i n  t h e  a n a l y s i s  f o r  a t h r e s h o l d  s e t t i n g  w h i c h  
is va r i ab le   i ndependen t ly   f rom t h e  o t h e r  s y s t e m  parameters.   Because i t  
is  i m p o r t a n t  t o  know what t h e  e f f e c t  o f  t h e  t h r e s h o l d  s e t t i n g  is  on t h e  
limit c y c l e  b e h a v i o r  of t h e  s y s t e m ,  t h e  t h r e s h o l d  s e t t i n g  w i l l  be  taken 
t o  be (1 + y ) A ,  where y may be c o n s i d e r e d   t o   b e  t h e  f r a c t i o n a l   e r r o r  
i n  t he  t h r e s h o l d   s e t t i n g .  For y = 0 ,  t h e   t h r e s h o l d   v a l u e  w i l l  be t h a t  
determined here t o  b e  n e c e s s a r y  f o r  t h e  e x i s t e n c e  o f  a two-pulse limit 
c y c l e .  
The a n a l y s i s  i n  t h i s  c h a p t e r  has e s t a b l i s h e d  t h a t  t h e  IPF modulator  
w i t h  t h r e s h o l d   s e t t i n g  A and w i t h  t h e   a p p r o p r i a t e   l o g i c   e l e m e n t s   f o r  
de te rmining  6k w i l l  s u s t a i n  the sys t em  in  a s teady-s ta te   two-pulse  limit 
c y c l e   o s c i l l a t i o n   h a v i n g   a n   a m p l i t u d e   Q d ,   p r o v i d e d  t h a t   t h e  system is 
s t a r t e d  w i t h  a p p r o p r i a t e   i n i t i a l   c o n d i t i o n s .  One s e t  o f   t h e s e   c o n d i t i o n s  
is  e ( 0 )  = 0 ,  e ( 0 )  = 0 ,  e ( 0 )  = p/2J. However,  up t o   t h i s   p o i n t  t h e  ana l -  
y s i s  i s  v a l i d  o n l y  f o r  t h i s  s t e a d y - s t a t e  o s c i l l a t i n g  c o n d i t i o n ,  and  be- 
cause  t h e  system i s  nonl inear  (by  v i r tue  of  bo th  the  dead-zone  e lement  
and   t he   t h re sho ld - re se t   mechan i sm  in   t he   modu la to r ) .  A complete  dynamic 
0 
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a n a l y s i s  must  be made t o  d e t e r m i n e  t h e  t r a n s i e n t  d y n a m i c  p r o p e r t i e s  o f  
t h i s   s y s t e m .  The f o l l o w i n g   q u e s t i o n s  must  be  answered: 
If the  s t eady- s t a t e  two-pu l se  limit c y c l e  o s c i l l a t i o n  i s  
p e r t u r b e d  s l i g h t l y  b y  a small d i s t u r b a n c e  t o r q u e ,  f o r  e x -  
ample,  w i l l  t h e  s y s t e m  c o n t i n u e  i n  a two-pulse limit c y c l e  
o s c i l l a t i o n  or w i l l  i t  become u n s t a b l e  i n  some sense? 
I f  t h e  s y s t e m  is s t a r t e d  a t  i n i t i a l  c o n d i t i o n s  f o r  eo,  
8, and 6 no t   co r re spond ing   t o   t he   va lues   on  a two-pulse 
l i m i t  c y c l e  t r a j e c t o r y ,  w i l l  the  sys tem s e t t l e  e v e n t u a l l y  
t o  a two-pulse limit cyc le?  
Under  what c o n d i t i o n s ,  i f  a n y ,  w i l l  f ou r -pu l se ,   s ix -pu l se ,  
o r  h i g h e r  o r d e r  l i m i t  cyc les  occur?  
How a re  the  answers  to  the  above  th ree  ques t ions  dependen t  
upon t h e   s i x   s y s t e m   p a r a m e t e r s  p, J ,  a ,  K ,  B d ,  and y? 
To answer  these  ques t ions ,  a mathematical   model  for  the  complete 
s y s t e m ,  u s i n g  a r b i t r a r y  i n i t i a l  c o n d i t i o n s ,  i s  de r ived   i n   Chap te r  111. 
In  Chapters  IV and V t h e s e  f o u r  q u e s t i o n s  are  r e so lved  th rough  ana ly t i -  
c a l  s t u d i e s  o f  t h e  m a t h e m a t i c a l  model and by experimental means through 
t h e  u s e  o f  a d i g i t a l  s i m u l a t o r  of  t h e  s y s t e m .  
13 
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Chapter I11 
MATHEMATICAL  DESCRIPTION OF ATTITUDE CONTROL SYSTEM 
A .  The Basic Di f f e rence   Equa t ions  
I t  is assumed tha t  t h e  t o r q u e  p u l s e s  d e l i v e r e d  by t h e  g a s  v a l v e  are 
impulses   occur r ing  a t  in s t an t s   deno ted   by  t k ,  and t h e r e f o r e  b ( t )  
changes   abrupt ly   by  6k-1 (p/J) a t  t h o s e   i n s t a n t s .  b ( t )  i s  cons t an t  
b e t w e e n  f i r i n g  i n s t a n t s  b e c a u s e  o f  t h e  lack o f   any   ex te rna l   t o rque .   0 ( t )  
is  c o n t i n u o u s   f o r  a l l  t .  F igure   10  shows t h e   t y p i c a l   b e h a v i o r   o f  6 ( t )  
and Q( t )  f o r  0 > ed, o u t s i d e   t h e  limit cyc le   r eg ion .  The i n t e r v a l  
(tk+l-tk) i s  h e r e   c a l l e d  and  because  of t h e  d i s c o n t i n u i t y   i n  h ( t )  
it i s  n e c e s s a r y   t o   d e f i n e  8 f o r  t = t t o   a v o i d   c o n f u s i o n   i n  the  ana l -  
y s i s .  Fo l lowing   an   e s t ab l i shed   p rac t i ce  C161, t h i s  is d e f i n e d   a s  
n k 9  
k 
A s i m p l i f i c a t i o n  o f  n o t a t i o n , i n t r o d u c e d  a t  t h i s  p o i n t  a n d .  c a r r i e d  
throughout t h e  sequel ,  i s  convenient .  L e t  
and 
0, and hk are sometimes  expressed  a lso as 0 ( k )  and i ) ( k ) .  I t  i s  
clear from  Fig.  10 t h a t  t h e  f u n c t i o n s  8 ( t )  and b ( t >  are de f ined  by 
the i r  v a l u e s   a t  t h e  f i r i n g   i n s t a n t s ,   t o g e t h e r   w i t h   t h e   i n t e r v a l s  . 
The r e l a t i o n s h i p   w h i c h   d e f i n e s  t h e  success ive   va lues   o f  0 and 6 a t  
t h e  f i r i n g  i n s t a n t s  is  t h e  fo l lowing  set  o f   d i f f e rence   equa t ions .   These  
e q u a t i o n s  
4, 
'k+l = ek + ik% 
e k + l  = 6, + 6k($) 
(3.3)  
I- 
I LL 
f I I I I +"- 
tk tk+l +k+2 +k+3 ' 
Fig .  10. THE NATURE OF 8 ( t > -  AND 8 ( t > .  
c o n s t i t u t e  t h e  bas i c  ma themat i ca l  model f o r  a l l  of  t h e  f o l l o w i n g  a n a l y s i s .  
I t  is  shown i n   S e c t i o n  1II.B t h a t   b o t h  4, and 6k, q u a n t i t i e s   w h i c h  
depend  upon  the   modula tor   des ign   [and   th reshold   se t t ing   A( l  + y ) ] ,  can 
be  determined  from Bk and 6,. When + and bk are so  r e p r e s e n t e d ,  
t he  dynamic  p rope r t i e s  o f  t he  modu la to r  are suppressed  f rom the  ana lys i s  
so t h a t  t h e  b a s i c  e q u a t i o n s  ( 3 . 3 )  t u r n  o u t  t o  be second  order   d i f -  
fe rence  equat ions ,  even  though the  sys tem i t se l f  i s  o f  t h e  t h i r d  o r d e r .  
t h e   t h r e e  s ta te  v a r i a b l e s   b e i n g  8 ,  8 ,  and e . Because   o f   the   log ica l  
o p e r a t i o n s   i n s i d e  t h e  modulator ,  e is  a "degenera te"  s ta te  v a r i a b l e ,  
0 
0 
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and dynamic  ana lys i s  of  the  s y s t e m  may be accomplished in  a two-dimen- 
s i o n a l  s ta te  s p a c e ,   t h e  (e ,&  p lane  C2,151. F igu re  11 shows a p o r t i o n  
of a t y p i c a l  s tate t r a j e c t o r y  on t h e  ( @ , e )  p lane .  The d o t s   o n   t h e  
t r a j e c t o r y   r e p r e s e n t   t h e   l o c a t i o n s   o f  8 and 8 a t  t = t so t h e  
c o o r d i n a t e s  of t h e   d o t  are Qk ,  bk. N o t e   t h a t   h e   c o n t i n u i t y   o f   8 ( t )  
a n d   t h e   d i s c r e t e n e s s   o f   h ( t )  are as appa ren t   he re  as t h e y   a r e   i n   F i g .  
10. The  uniform  discrete   changes i n  6 are c a l l e d  A6 i n   F i g .  11. 
+ 
k' 
I t  may also be deduced,  f rom a comparison of Figs.  1 0  and 11, t h a t  
F i g .  1 0 ,  which  shows 8 and 8 b o t h   i n c r e a s i n g   w i t h  time, d e p i c t s  be- 
hav io r   i n   t he   s econd   quadran t  of t h e  @ , 6 >  p lane .  
i k  
e' k+l 
i k + 2  
i k + 3  
ek+4 
" 
I 
I 
4 
F i g .  11. A TYPICAL  STATE TRAJECTORY ON THE STATE  PLANE 
(OR  PHASE PLANE). 
E. S t a t e   T r a n s i t i o n   E a u a t   i o n s  
Equat ions  (3.3) are e s s e n t i a l l y  s t a t e  t r a n s i t i o n  e q u a t i o n s  i n  t h a t  
k+l they   expres s   t he  s ta te  ( 8 , ; )  a t  as f u n c t i o n s  o f  t h e  s t a t e  a t  
tk 
. However, t h e  e q u a t i o n s  of (3.3) c o n t a i n  t h e  q u a n t i t i e s  % and 
so they  are n o t  i n  a conven ien t  fo rm fo r  ca l cu la t ions  or f o r  a n a l y s i s .  
Here (3.3) is reduced   to   such  a convenient  form. The f i r s t  s t e p  i n  t h i s  
6k 
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development i s  t o   d e f i n e   c e r t a i n   c h a r a c t e r i s t i c   r e g i o n s   i n   t h e  ( e , ; )  
p lane ;  w i th in  each  r eg ion  the  sys t em ope ra t e s  i n  a d i s t i n c t  manner. 
The dead-zone  e lement  def ines  three  reg ions ,  each of  which is  iden- 
t i f i e d  by the   s ign   o f   e ( t ) .   Equa t ions   (2 .21 ,   wh ich   de f ined   t he   dead -  
z o n e   c h a r a c t e r i s t i c s ,  show t h a t  e ( t )  i s  p o s i t i v e ,   z e r o ,  o r  nega t ive  
depending   upon  e , ( t ) .   eN( t )  is a l i nea r   combina t ion   o f   t he  two s ta te  
v a r i a b l e s   e ( t )   a n d  e ( t )  [Eq. ( 1 . 2 ) l .  The dead zone i n   t h e   p h a s e  
p lane  may be  es tabl ished  by  combining Eqs. (1.2) and  (2 .2) ;  t h i s  combina- 
t i o n  y i e l d s  
( I )  e ( t )  = KC@ + ab - 8 1 f o r  8 + ab > Bd d 
For ( e , &  s a t i s f y i n g  ( I ) ,  e ( t )  is  p o s i t i v e ;   f o r  ( e , h  s a t i s f y i n g  
(II), e ( t )  i s  negat ive ;   and  for ( 0 , i )  s a t i s f y i n g  ( I I I ) ,  e ( t )  i s  
z e r o .   T h e r e f o r e ,   t h e  s t a t e  plane  can be s e p a r a t e d   i n t o   t h r e e   r e g i o n s ,  
each  corresponding  to   one  of  the s i t u a t i o n s  d e s c r i b e d  by I ,  11, or 111. 
Figure   12   shows  the   th ree   reg ions   d rawn  for  a > 0.  ( I t  i s  shown l a t e r ,  
tha t  a must  be g r e a t e r  than  ze ro   t o   have  a s t a b l e  s y s t e m .  This   condi-  
t i o n  c o r r e s p o n d s  r o u g h l y  t o  “ p o s i t i v e  damping’’ i n  a l i n e a r  sys t em. )  
The boundary  l ines   of   the   dead  zone are c a l l e d  B1 and B2. A 
mathemat i ca l  r ep resen ta t ion  o f  these,  u s i n g  s t a n d a r d  set t h e o r e t i c a l  
no ta t ion   and   cons ide r ing   t he   t up le  ( e , @ )  as a v e c t o r ,  is  
18 
I 
F i g .  12. THREE BASIC  REGIONS O F  THE STATE  PLANE. 
The t h r e e  r e g i o n s ,  I ,  11, and 111, may a l s o  be r e p r e s e n t e d   a s  
1 = { ( e , ; ) :  e > ed - a i )  
11 = { ( e , b ) :  e < -ed - a b >  
111 = { ( e , i ) :  -ed - a i  " < e < ed -ab ] 
I t  is  now p o s s i b l e   t o   c a l c u l a t e  4, and 6k for t r a j e c t o r i e s   t h a t  
begin   ins ide   the   dead   zone ,   in   Region  111, a t  t = t I n  t h i s  c a s e ,  
the dynamic behavior  of t h e  s y s t e m  is  d e p i c t e d  i n  F i g .  13 which  shows 
t h e  s ta te  t r a j e c t o r y   d u r i n g   t h e   i n t e r v a l ,  +, t he   modu la to r   i npu t   s ig -  
n a l ,   e ( t ) ,  and   the   ou tput  of t h e   i n t e g r a t o r ,   e o ( t ) .  The c o n t r o l l e d  
+ 
k' 
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REACHED AT t k + ,  
PULSE FIRED, e,(t)  
RESET TO ZERO 
tk t *  'k+ l  
Fig .  13. e ( t >  AND e,(t> WITH  T E  CORRESPONDING  TRAJEC- 
TORY ON THE  STATE  PLANE. 
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body moves a t  a c o n s t a n t   v e l o c i t y  8, d u r i n g   t h e   e n t i r e   i n t e r v a l  
(tk+l-tk), h a v i n g  a c q u i r e d  t h a t  v e l o c i t y  as a r e s u l t  o f  t h e  p u l s e  f i r e d  
a t  t = t or p o s s i b l y  as a r e s u l t   o f  some o the r   agen t   wh ich   p re sen t s  
u s  w i th  the  dynamic s ta te  (Ok,ik) a t  time For tk < t < t ;" t h e  
s y s t e m  is  c o a s t i n g  i n  t h e  dead zone s o  t h a t  e ( t >  = 0 d u r i n g  t h i s  i n i t i a l  
i n t e r v a l .  A t  t = .t , t he   sys t em  l eaves  the  dead zone, s t i l l  c o a s t i n g ,  
b u t  w i t h  e ( t )  i n c r e a s i n g   l i n e a r l y   a c c o r d i n g  t o  the fo l lowing   express ion  
k '  
t k '  
* 
e ( a )  = K 8  T f o r  o < T < (tk+l - t") (3 .7)  k "
w h e r e  7 = (t-t*). The i n t e g r a t o r   o u t p u t  is t h e r e f o r e  
KBk T 
- 2  
e ( T )  = - 
0 2 
The t h r e s h o l d  A ( l  + y )  is reached when t h e  f o l l o w i n g   r e l a t i o n s h i p  is 
s a t i s f i e d  
K e  T 
2 o f  
2 
2 
e ( T ) = - -  - ( A ) ( 1  + y )  = 7 Kw (1 + 7)  (3.9) 
where 7 is the i n s t a n t  of f i r i n g  ( t  = t 1 .  From (3.81,  T f  i s  
found  to  be 
f k + l  
(3 .10)  
From t h i s ,  it is  c lear  t h a t  t h e  p o s i t i v e  r o o t  o f  ( 3 . 9 )  c o r r e s p o n d s  t o  
t h e   p h y s i c a l   s i t u a t i o n .  Now t h e  s i g n  of e o ( t )  is  p o s i t i v e  a t  t = t 
so 6 = -1 and  one of t h e  s ta te  t r a n s i t i o n   e q u a t i o n s  (3.3) can now 
be determined 
- 
k + l  
k 
(3.11) 
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The o t h e r  e q u a t i o n  is o b t a i n e d  b y  n o t i n g  t h a t  t h e  f i r i n g  i n s t a n t  
k+l is d e t e r m i n e d  s o l e l y  b y  t h a t  p o r t i o n  o f  t h e  t r a j e c t o r y  l y i n g  w i t h i n  
I .  As l ong  as it p u t s   t h e  s ta te  ( 8  ,e ) anywhere in   t he   dead   zone ,   t he  
8, c o o r d i n a t e   h a s   n o   e f f e c t   o n  8k+l. The 8 c o o r d i n a t e  a t  t = t* 
depends   upon  of  course ,   and   th i s   coord ina te  is found  from  the  equa- 
t i o n  f o r  
k k  
B1 * 
S i n c e   t h e  time of t rave l  from t o  
'k+l f' 
is  7 our  second 
s t a t e  t r a n s i t i o n  e q u a t i o n  is  
ek+l = e, + ~~b~ 
(3.13) 
Equations (3.13) and (3.11), t a k e n   t o g e t h e r ,   c o n s t i t u t e   t h e  s ta te  t r a n s i -  
t i o n   e q u a t i o n s   f o r  (ek,bk)  E I11 and for ek > 0. 
If 8, = 0 ,  t h e n   a n y   s t a t e   i n   t h e   d e a d   z o n e  w i l l  remain  there   (on 
the 8 a x i s )   i n d e f i n i t e l y .   I f  (e,,;,) is i n  111 bu t   i n   t he   l ower   ha l f  
p lane  (6, < O), then ,   because  of the  symmetry o f   t he  s y s t e m ,  t he   de r iva -  
t i o n  of t h e  s t a t e  t r a n s i t i o n  e q u a t i o n s  is s i m i l a r  t o  t h a t  g i v e n  h e r e  
wi th  -ek and -ek p lay ing  t h e  r o l e s  of  ek and hk in   the   above   ana l -  
y s i s .  The r e s u l t s   o f   t h a t   d e r i v a t i o n  are 
'k+l k J  
= Q  + &  
ek+l = -ed - aB - k 25 (3.14) 
N e x t ,   t h e   s t a t e   t r a n s i t i o n   e q u a t i o n s   f o r  (Qk,dk) in  Regions I and 
I1 must  be der ived.   Again,   because  of  t h e  symmet ry  of   the  s y s t e m ,  i t  is  
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necessary  t o  consider only one of these  reg ions ,  say  I ,  i n  d e t a i l ;  t h e  
behavior for Region I1 w i l l  be s imilar .  One of t w o  d i s t i n c t l y  d i f f e r e n t  
modes of s ta te  t ransi t ion  occur ,   depending  upon  the  locat ion of (ek,bk) 
i n  F i g .  1 4  as Modes A and B.  i n  I .  These are i l l u s t r a t e d  
B 2  
\ 
BI 
\ 
Q 
\ 
Fig.   14.  MODES A AND E--STATE  TRANSITIONS. 
In  Mode A ,  e (t) is  g rea t e r  t han  zero d u r i n g  t h e  e n t i r e  i n t e r v a l  
- tk  = %, as is shown i n  Fig.  15. During t h i s   i n t e r v a l ,  
tk+l 
eo(T) = K le, + e t + a0 - edl d t  k k (3.16) 
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‘k + k + l  
‘k ‘k+ I 
F i g .  15. e ( t >  AND e o ( t >  I N  MODE A BEI-MVIOR. 
+ is de f ined  by 
t h r e s h o l d ;   t h e r e f o r e  i t  is  computed by s e t t i n g  e ( 7 )  = A ( 1  + 7 )  fo r  
T = +. From (3.16) t h i s   g i v e s  
tk+l l  
t h e   i n s t a n t   a t   w h i c h  e ( 7 )  r e a c h e s   t h e  
0 
0 
The d e s i r e d   e x p r e s s i o n  f o r  Ak is ob ta ined   by   eva lua t ing  t h e  i n t e g r a l  
and   us ing  ( 2 . 4 )  
By u s i n g  t h e  q u a d r a t i c  formula t o  f i n d  t h e  least p o s i t i v e  v a l u e  fo r  
w e  o b t a i n  
% l  
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% =  
And b y  s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  t h e  b a s i c  d i f f e r e n c e  e q u a t i o n  
( 3 . 3 ) ,  t h e  s ta te  t r a n s i t i o n  e q u a t i o n  
2 p ( l + y )  2 * = e - ab + 
'k+l d  k 2 5  % (3.20) 
is o b t a i n e d .   e o ( t i + l )  is  p o s i t i v e   i n   t h i s  case, t h e r e f o r e  6 = -1. 
The second s ta te  t r a n s i t i o n  e q u a t i o n  is 
k 
'k+l = 'k J 
CI " (3 .21)  
Equat ions   (3 .20)   and   (3 .21)  are t h e  s t a t e  t r a n s i t i o n  e q u a t i o n s  t h a t  h o l d  
whenever (Bk,8dk) E I a n d   t h e   s y s t e m   o p e r a t e s   i n  Mode A .  
Now,  i f  (ek,hk) E I ,  b u t  a t  a p o i n t   s u c h   t h a t   h e   i n t e g r a t o r   o u t -  
p u t  d o e s  n o t  r e a c h  t h e  t h r e s h o l d  v a l u e  b e f o r e  t h e  t r a j e c t o r y  e n t e r s  t h e  
dead-zone,  the system is i n  Mode B and  the  behavior  is t h a t  d e s c r i b e d  by 
Figs .   14   and  16 .  Here the   t ra jec tory   reaches   the   edge   of   the   dead   zone  
a t  t = t*, e ( t * )  is zero,  a n d   e o ( t )   r e a c h e s  a l e v e l  less t h a n   t h a t  
r e q u i r e d   t o   f i r e   t h e   v a l v e .   e o ( t )   r e m a i n s  a t  e o ( t ?  as  t h e   t r a j e c t o r y  
coasts across the  dead-zone  (because e = 0 d u r i n g   t h i s   i n t e r v a l ) ,  reach- 
i n g   t h e   e d g e  a t  t = t**. For t > t**, t h e   t r a j e c t o r y  is i n  Region 11, 
so e ( t )  is nega ' t ive ,   decreas ing  a t  t h e  same rate as i n  t h e  i n t e r v a l  
( t * - t k ) .   S i n c e   ( t )  is  n e g a t i v e ,   e o ( t )   b e g i n s  t o  decrease  from i ts  
p o s i t i v e   v a l u e   o f   e o ( t  *) , and i t  reaches  zero a t  t = t . A t  t = t 
e ( t )   h a s   r e a c h e d   t h e  same magni tude   tha t  i t  had a t  t = t k ,  but  i t  is 
nega t ive .   Apparen t ly   t he   i n t e rva l s   ( t * - tk )   and  (to-t ) are  equa l .  
D u r i n g   t h e   f i n a l   i n t e r v a l   ( t k + l - t  ) , e o ( t )   d e c r e a s e s  a t  a rate more 
r a p i d   t h a n   b e f o r e   ( i n   t h i s  % i n t e r v a l )   b e c a u s e   ( t )   h a s  a h ighe r  
magn i tude   t han   be fo re .   eo ( t )   r eaches   t he   nega t ive   t h re sho ld  a t  
as  shown.  Thus + is t h e  sum o f   o u r   i n t e r v a l s  
0 0 '  
** 
0 
tk+l  ' 
25 
- i  
- A (  i+Y)- 
Fig .  1 6 .  e (t ) A N D  eo ( t)  IN MODE  B  BEHAVIOR. 
Two of t h e s e  are  e q u a l ;  t h e  i n t e r v a l  c o r r e s p o n d i n g  t o  t h e  dead-zone 
t r a v e l  i s  
'd (t"" - t") = 7 
-8 
k 
( 3 . 2 3 )  
The n e g a t i v e   s i g n  is r e q u i r e d   i n  t h e  denominator  because Qk is nega- 
t i v e   i n   t h e   s i t u a t i o n   d e p i c t e d   h e r e .  4, may therefore  b e   w r i t t e n  as  
3, = 2 ( t "  - t,) - 7 28d + (tk+l - to)  ( 3 . 2 4 )  
'k 
The i n t e r v a l  (t*-t ) is  s i m p l y   t h e  time r e q u i r e d  for t he   sys t em 
k 
to move from 8 = 0 t o  8 = 8(t*) a t  the c o n s t a n t  rate 6,. 8(t*) 
k 
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may b e   e x p r e s s e d   i n  terms  of 8, because (e+, e + )  E B1. From (3 .5)  
e = ed - a@ 
)(. k (3.25) 
so (t*-t,) is given  by 
ek - e* ed - ek - a b  
( t * -  t )  = - k k - 6, 'k 
(3.26) 
The i n t e r v a l   ( t k + l - t o ) - - c a l l  i t  A --is now c a l c u l a t e d   i n  much t h e  
same way t h a t  4, w a s  f o u n d   i n   ( 3 . 1 6 )   t o   ( 3 . 1 9 ) .   D u r i n g   t h i s   i n t e r v a l ,  
e ( t >  i s  given  by 
f 
e (7) = K c 0  - ek - ae + 0 , T I  d  k (3 .27)  
where T = ( t - t  >.  I n t e g r a t i n g   t h i s   f r o m  0 t o  Af t o   g i v e  
a n d   s e t t i n g   t h a t   e q u a l   t o  - A ( l +  y ) ,  y i e l d s   a n   e x p r e s s i o n   f o r  
- 
0 eo  ( t  k + l  ) 
"f 
' 0  
A +  2 
f 
Us ing  the  quadra t i c  formula  with 8 < 0 a n d   s e l e c t i n g   t h e   l e a s t   p o s i -  
k 
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When t h i s  e x p r e s s i o n  is  s u b s t i t u t e d  i n t o  t h e  b a s i c  d i f f e r e n c e  e q u a t i o n  
( 3 . 3 )  t h e  r e s u l t a n t  s ta te  t r a n s i t i o n  e q u a t i o n  is 
* 2 P a ( l + y ) .  
2 
'k+l = -'d k d 25 'k - ah - - ek - aek) - (3.32) 
- 
I n  Mode B ,  eo ( tk+ l )  is n e g a t i v e ,  so 6 = +1 , and  the  second k 
s t a t e  t r a n s i t i o n  e q u a t i o n  is  
= 6  + -  CL 
'k+l k J  ( 3 . 3 3 )  
I t  i s  now n e c e s s a r y  t o  s e p a r a t e  R e g i o n  I i n t o  two subreg ions - -ca l l  
them R1 and  R4--such t h a t  (ek,ek) E R1 leads t o  Mode A behavior  , 
whi le  (ek ,ek)  E R4 l e a d s   t o  Mode B behav io r .  We n o t e   f i r s t  tha t  f o r  
Bk > 0 ,  a t r a j e c t o r y  s t a r t i n g  i n  I moves t o w a r d   t h e   r i g h t ,  away from 
the dead zone.   Therefore ,  a l l  p o i n t s   i n   t h a t   p o r t i o n   o f   t h e   u p p e r   h a l f  
of t h e  s t a t e   p l a n e   b e l o n g i n g   t o   R e g i o n  I a l s o   b e l o n g   t o  R1; R4 must  be 
i n  the lower   ha l f   o f   the  state p l a n e .   F u r t h e r ,  R4 must be a d j a c e n t   t o  
Region 111, inasmuch as t h o s e  ( e   , e  e x h i b i t i n g  Mode B behavior  must k k  
be r e l a t i v e l y  c l o s e  t o  t h e  d e a d  z o n e .  
-
To f i n d  t h e  boundary  between R and R 4 ,  c o n s i d e r  a po in t  ( Q k , B k )  1 
l o c a t e d  so t h a t  eo(t*) i s  j u s t   e q u a l   t o   t h e   i n t e g r a t o r   t h r e s h o l d   ( s e e  
F i g .   1 6 ) .  From t h e   a n a l y s i s   d e s c r i b e d  by (3.7) t o  ( 3 . 1 4 ) ,  i t  is  c l e a r  
t h a t  t h e  % o r i z o n t a l "  d i s t a n c e  f r o m  t h i s  p o i n t  t o  t h e  edge  of  the  dead 
zone i s  J[-pa2(1 + y ) / ( 2 J ) ]  bk .  I f  (6k,6k) is  t a k e n   s l i g h t l y   t o   t h e  
r i g h t   o f  t h i s  p o i n t ,  Mode A w i l l  r e s u l t .  I f  it i s  t a k e n  s l i g h t l y  t o  t h e  
l e f t ,  Mode B w i l l  p r eva i l .   The re fo re ,   t he   boundary   s epa ra t ing  R1 and 
R --call  it B 4 - - i s  de f ined  as fo l lows ,   and  i t  is  d e p i c t e d   i n   F i g .  17 .  4 
The s lope   o f   cu rve  B4 i s  z e r o  a t  the  point   where it meets t h e  6 
axis,  and  the same is t r u e   f o r  B3. I n  some o f   t h e   f i g u r e s   i n  l a te r  
28 
Fig .   17 .  SIX REGIONS  OF THE STATE PLANE. 
p a r t s  of t h i s  r e p o r t ,  t h i s  f a c t  may not  be  apparent  because  of t h e  s c a l e  
used.  
Because of  t h e  symmetry of t h e  s y s t e m ,  Region I1 is a l s o  s e p a r a t e d  
i n t o  two subreg ions - -ca l l ed  R2 and R --whose p o i n t s  are s t a r t i n g   p o i n t s  
fo r  Mode A and Mode B b e h a v i o r ,   r e s p e c t i v e l y .   T h e s e   s u b r e g i o n s   a r e   a l s o  
shown i n   F i g .  17. Note a l s o  t h a t  Region 111, the   dead   zone ,  i s  a l so   sub -  
d i v i d e d   i n t o   s u b r e g i o n s  R5 ( f o r  6 > 0 )  and R6 (for bk < 0 ) .  
k 
3 
4, may b e   c a l c u l a t e d  f o r  (ek,bk) E R2 i n   e x a c t l y   t h e  same manner 
a s  i t  was for ( B k , i k )  E R1. Mode A b e h a v i o r   p r e v a i l s ,   a n d   t h e  s ta te  
t r a n s i t i o n  e q u a t i o n s  w h i c h  r e s u l t  a r e  
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Similarly, the  state  transition  equations for (e,,b,) E R3 are  derived 
from Mode B behavior 
'k+l = 'k 
P 
J 
"
2 P (1 + r)B, 2 
'k+l k 25 (3.36) 
The boundary separating R2 and R3 is called B3, and it is defined 
in  the same  manner as was B4 - 
This  section's  objective  has now been  reached. The state  transition 
equations  have  been  found to consist  of  six  different sets of  difference 
equations, each  set  corresponding  to  the  state ( Q k , h k )  which  exists 
at t = t Table 1 identifies  these  six  different  sets of state  transi- 
tion  equations. 
+ 
k' 
Table 1 
IDENTIFICATION OF STATE TRANSITION  EQUATIONS 
For (ek, bk) 
in 
Region 
R1 
R2 
R3 
R 
4 
R5 
R6 
State Transition Equations 
Given by Equations 
(3.20) and 
(3.21) 
(3.35) 
(3.36) 
(3.32) and 
(3.33) 
(3.11) and 
(3.13) 
(3.14) 
- ~ - 
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We c o m p l e t e  t h i s  s e c t i o n  w i t h  two remarks  concern ing  the  s ix  sets 
o f   equa t ions .   In   t he   degne ra t e  case where 6 = 0 and -ed < 8 < O d ,  
t h e  s y s t e m  i s  a t  rest in  the  dead  zone  and  w i l l  r e m a i n  t h e r e  i n d e f i n i t e l y .  
4, w i l l  be i n f i n i t e ,  and   t hus   t he  state t r a n s i t i o n  e q u a t i o n s  c o r r e s p o n d -  
i n g   t o  R5 and R6 are n o t   v a l i d   f o r  8 = 0. 
k k 
k 
The symmetry of the s ta te  p l a n e  s u g g e s t s  t h a t  t h e  state t r a n s i t i o n  
e q u a t i o n s   c o r r e s p o n d i n g   t o  R1 shou ld   bea r  some form  of s i m i l a r i t y  t o  
t h o s e   f o r  R2.  R3 and R4 a l s o   s h o u l d  be p a i r e d   i n  a l i k e   f a s h i o n ,  as 
should  R5 and R6. Note t h a t   i f   t h e  s t a t e  p lane  i s  i n v e r t e d ,  it resem- 
b l e s   i t s e l f ;  R1 is i n  t h e  pos i t i on   fo rmer ly   occup ied   by  R2,  and 
and R4 have   a l so   changed   pos i t ions ,  as have R5 and R6.  Th i s   sugges t s  
t h a t ,   i f  8 i s  r ep laced  by -8 and 6 by -6  i n  t h e  s ta te  t r a n s i t i o n  
e q u a t i o n s   f o r  R1, t h e   r e s u l t   s h o u l d   b e   t h e   q u a t i o n s   f o r  . The same 
replacement   in  t h e  e q u a t i o n s   f o r  R3 and R5 shou ld   y i e ld   t he   qua t ions  
f o r  R4 and R6. T h i s  is indeed   the   case  w i t h  t h e  e q u a t i o n s   i d e n t i f i e d  
by  Table 1. 
R3 
R2 
I n  t h e  f o l l o w i n g  s e c t i o n ,  t h e  s ta te  t r a n s i t i o n  e q u a t i o n s  p r e s e n t e d  
here a re  no rma l i zed  fo r  the  sake of s impl ic i ty  and  convenience  in  compu- 
t a t i o n .  Each  of t h e  boundar ies  B1, B2, B 3 ,  and B4 is  i d e n t i f i e d  w i t h  
one of t h e  s i x  r e g i o n s ,  a n d  a l l  of t h e  s i g n i f i c a n t  f a c t s  and equat ions 
developed so f a r  are summarized i n  compact  form. 
C .  The Normalized S ta te  T r a n s i t i o n   E q u a t i o n s  
~ - .  -~ 
The s t a t e  t r a n s i t i o n  e q u a t i o n s  i d e n t i f i e d  i n  T a b l e  1 can be reduced 
t o  s i m p l e r  
8 and 6 
ed and 6 
r e p l a c i n g  
forms tha t  are c o n v e n i e n t  f o r  a n a l y s i s ,  i f  t h e  s ta te  v a r i a b l e s  
a re   no rma l i zed .  For t h i s ,  8 is normalized w i t h  r e s p e c t   o  
w i t h  r e s p e c t   o  p/J. x is  t h e  n o r m a l i z e d   s t a t e   v a r i a b l e  
8,  and y i s  t h e  s t a t e  v a r i a b l e   r e p l a c i n g  6 .  
(3.38) 
I f  these s u b s t i t u t i o n s  are made i n  the s ta te  t r a n s i t i o n  e q u a t i o n s  d e r i v e d  
i n  S e c t i o n  111 . B ,  t h e  r e s u l t  is t h e  set  of normalized s ta te  t r a n s i t i o n  
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equations shown in Table 2. Here is a normalized  version of the  lead 
rat  io 
Table 2 
S T A T E   T R A N S I T I O N   E Q U A T I O N S  
Yk+l = Yk + 1 
1 F2: Xk+l - J (x, + ay, + 1) - 2 Yk - 1 - J Y k  " 
(3.39) 
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To define  the six regions R1, ..., R6 illustrated in Fig. 17, the 
state vector z is introduced 
The six regions  of the (x,y) plane  are  described  compactly  by  the  ex- 
pressions  shown  in  Table 3, and  the  boundaries  separating  the  six  regions 
Table 3 
DEFINITION OF THE SIX REGIONS OF THE STATE PLANE 
~ 
R1 = z = (x,y): I 
R2 = z = (x,y): I 
R4 = z = (x,y) : 1 
R5 = z = (x,y): 
are defined i n   T a b l e  4.  Here t h a t   p o r t i o n  of t h e  x axis  l y i n g   i n   t h e  
dead  zone is c a l l e d  B5. For d e f i n i t e n e s s ,   e a c h   p o i n t  on t h e   b o u n d a r i e s  
is t a k e n  t o  be a member of one of t h e  s ix  r e g i o n s .  If Tables  3 and 4 
are compared, it is clear t h a t  B E R3,  and B4 E R 4 .  Tha t   po r t ion  
of B1 which is above   t he  x axis i s  i n  R5 a n d   t h a t   p o r t i o n  below i s  
i n  R 4 .  The p o r t i o n   o f  B2 which is above   t he  x a x i s  is i n  R3,  and 
the   po r t ion   be low i s  i n  . The l e f t  end   po in t  o f  R6 B5 is  a l so  i n  
a n d   t h e   r i g h t   e n d   p o i n t  is  i n  . Thus i t  c a n   b e   s a i d   t h a t  
3 
B2 1 
B1 
6 
i=l 
z z (X,  Y > /  = THE  STATE  PLANE = u R i  u B5 (3.41)  
Table  4 
DEFINITION OF  THE  BOUNDARIES OF THE SIX REGIONS  OF 
THE  STATE  PLANE 
r - ____ 
B1 = (. = ( x , y >  : x = 1 - ky 1 
z = (x ,Y)  : y = 0 ,  -1 < X < 1 
- - 1  
W i t h  t h e  d e f i n i t i o n s  made a b o v e ,  t h e  d y n a m i c  c h a r a c t e r i s t i c s  O f  t h e  
a t t i t u d e  c o n t r o l  s y s t e m  u n d e r  s t u d y  c a n  b e  d e s c r i b e d  by the compact  s t a t e  
t r a n s i t j o n  r e l a t i o n s h i p  
Z k+l  = F(Z,<>  
(3 .42)  
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i f  
i f  
F =  
i f  
and  the  mapping F is given  by 
(3.43)  
z € R  
k 6  
F1' F2' a * . ,  F6 are t h e  s ta te  t r a n s i t i o n   e q u a t i o n s   l i s t e d   i n   T a b l e   2 .  
I n   t h e   d e g e n e r a t e  case z E B5, the   system  remains a t  rest  i n d e f i n i t e l y .  
Thus  (3.42) is t h e  b a s i c  m a t h e m a t i c a l  model f o r  t h e  a n a l y s i s  g i v e n  i n  
Chap te r s  I V  and V w h e r e  t h e  s t a b i l i t y  o f  t h e  t w o - p u l s e  limit cyc le  o s c i l -  
l a t i o n  is i n v e s t i g a t e d ,  a n d  t h e  e x i s t e n c e  o f  h i g h e r  o r d e r  limit c y c l e s  
is a l so  de termined .  
k 
The s t u d i e s  i n  C h a p t e r s  I V  and V c o n s i s t  of t h e  a n a l y s i s  of t h e  
s t r u c t u r e  o f  t h e  mapping  (3.42)  and of supp lemen ta ry  expe r imen ta l  r e su l t s  
ob ta ined   f rom a d i g i t a l  s i m u l a t i o n  of t h a t  mapping.  The d i g i t a l  s i m u l a -  
t i o n  is d e s c r i b e d  b r i e f l y  i n  t h e  f o l l o w i n g  s e c t i o n .  
D. D i g i t a l   S i m u l a t i o n   o f   A t t i t u d e   C o n t r o l   S y s t e m  
The basic  mathemat ica l  model  of  the  a t t i tude  cont ro l  sys tem i s  t h e  
mapping  (3.42)  which i s  t h e  s e t  of s i x  p a i r s  of d i f f e r e n c e  e q u a t i o n s  
g i v e n   i n   T a b l e   2 ,   t o g e t h e r   w i t h   t h e   d e f i n i t i o n s   o f   t h e   r e g i o n s  R1, . . . ,  
R6 g i v e n   i n   T a b l e  3.  T h e s e   r e l a t i o n s h i p s  are v e r y   n a t u r a l l y   s u i t e d  as  
a lgo r i thms  f o r  a d ig i ta l  computer  program for comput ing  success ive  va lues  
of z s t a r t i n g  from a n   i n i t i a l   c o n d i t i o n  z = (xo,yo).  Such a program 
has proven t o  b e  e x t r e m e l y  u s e f u l  as a n  e x p e r i m e n t a l  t o o l  i n  d i s c o v e r i n g  
t h e  i n t r i c a t e  s t r u c t u r e  of t h e  mapping  (3 .42)   and,   consequent ly ,   the  limit 
c y c l e  b e h a v i o r  of the  sys t em.  
k '  0 
The w a y  in  which the program works is i l l u s t r a t e d  i n  t h e  f l o w  c h a r t  
of F ig .  18. T h e   i n p u t   d a t a  are t h e   v a l u e s  of y and i? d e s i r e d   a n d   t h e  
i n i t i a l   c o n d i t i o n s .  The  program f i rs t  de termines   in   which   reg ion  z = 
(xo,yo) l i es  and  then  computes z = F (zO). F. is  t h e   a l g o r i t h m  
0 
1 jo J O  
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F i g .  18. FLOW CHART  FOR BASIC COMPUTER  ALGORITHM 
a p p r o p r i a t e   t o   t h e   r e g i o n  R ,  c o n t a i n i n g  z . Then the   r eg ion   con ta in -  
J 0 
i n g  z is determined,   and z is  computed a s  
usin.g F . t h e  F a l g o r i t h m   a p p r o p r i a t e   t o   t h e   r e g i o n   c o n t a i n i n g  z 
This  process  i s  c o n t i n u e d  f o r  a p r e s e t  number  of i t e r a t i o n s ,  and t h e  
success ive   va lues   o f  z a r e   p r i n t e d   o u t .  A l i s t i n g  of the  program 
statements   and a shee t  of t y p i c a l  r e a d o u t  d a t a  a r e  c o n t a i n e d  i n  t h e  
Appendlx. 
1 2  z2 = Fjl (z,) , aga in  
31 ' 1' 
k 
A p l o t  of z ( t )  may be   cons t ruc ted   f rom  th i s   da ta   by   connec t ing  
t h e   p o i n t s   ( x k , y k )   t o  t h e   p o i n t s  ( x ~ + ~ ,  y,) by s t r a i g h t   l i n e s .  The 
r e s u l t  w i l l  be t h e  % t a i r c a s e "   t y p e  of  p l o t  shown i n   F i g .  11. The he igh t  
of e a c h   % t e p f 1   i n   t h e  y d i r e c t i o n  i s  1 because of t h e   n o r m a l i z a t i o n  of 
36 
t h e  6 coord ina te  (3.38) , a n d  t h e  t o t a l  w i d t h  of the  dead  zone ,, i n  the  
x d i r e c t i o n ,  i s  2 ,   a l s o   b e c a u s e  of t he   no rma l i za t ion  of the  8 coord i -  
n a t e .  
A two-pulse limit cycle  occurs  whenever z = z  for all k 
k+2 k 
l a r g e r  t h a n  some i n t e g e r .  

Chapter  I V  
TWO-PUISE LIMIT CYCLE  OSCILLATIONS 
In  Chap te r  11, the  dynamic  p rope r t i e s  of the modulator which are 
n e c e s s a r y  t o  s u s t a i n  a symmetrical two-pulse limit c y c l e  o s c i l l a t i o n  
were determined.  I t  w a s  d e m o n s t r a t e d  t h a t ' t h e  common IPF  modulator  has 
t h e s e   r e q u i s i t e   c h a r a c t e r i s t i c s  i f  t h e   t h r e s h o l d   v a l u e  A ( l + y )  i s  A ,  
i . e . ,  i f  y = 0. I n  t h i s  c h a p t e r   t h e   t r a n s i e n t   c h a r a c t e r i s t i c s  of t h e  
system are s t u d i e d  w i t h  t h e  o b j e c t i v e  of de t e rmin ing  the  cond i t ions  unde r  
which unsymmetrical two-pulse limit c y c l e s  e x i s t ,  t h e  s t a b i l i t y  o f  two- 
p u l s e  limit cyc les ,  and  the  convergence  of  the  s t a t e  t r a j e c t o r y  t o  t h e  
two-pulse l i m i t  c y c l e  f r o m  a n  a r b i t r a r y  i n i t i a l  p o i n t  i n  t h e  s ta te  p lane .  
The s ta te  t r a n s i t i o n  e q u a t i o n  ( 3 . 4 2 ) ,  t o g e t h e r  w i t h  t h e  d e t a i l e d  d e s c r i p -  
t i o n s   o f   t h e  F f u n c t i o n   c o n t a i n e d   i n  ( 3 . 4 3 1 ,  Tables  2 ,  3 ,  and 4,  and 
F i g .  1 7 ,  c o n s t i t u t e  t h e  b a s i c  m a t h e m a t i c a l  model f o r  t h e  t r a n s i e n t  s t u d i e s  
i n  t h i s  c h a p t e r .  
A .  Geometrical  Approach 
L i m i t  cycle  behavior  of  feedback systems having pulse-modulated con-  
t r o l l e r s  h a s  b e e n  s t u d i e d  p r e v i o u s l y  u s i n g  m o d i f i e d  Lyapunov theorems 
and  point   t ransformation  techniques  [2 ,7 ,121  and  f requency  domain  methods 
[6 ,17 ,181 .  An a t t e m p t  t o  a p p l y  a Lyapunov-type  approach t o  t h e  s y s t e m  
under  s tudy w a s  a l s o  s t a r t e d  b u t  a b a n d o n e d  when a n  i n t e r e s t i n g  g e o m e t r i -  
cal  s t r u c t u r e  of t h e  s t a t e  t r a n s i t i o n   f u n c t i o n  was discovered.   Subsequent  
p u r s u i t  o f  t h e s e  g e o m e t r i c a l  p r o p e r t i e s  r e v e a l e d  a l l  of  the dynamic char-  
a c t e r i s t i c s  o f  t h e  s y s t e m  p e r t i n e n t  t o  i t s  limit c y c l e  o s c i l l a t i o n  b e h a v -  
i o r ,  a s  w e l l  a s  exp l i c i t  cond i t ions  on  the  sys t em pa rame te r s  wh ich  must 
h o l d   f o r   t h e   e x i s t e n c e   o f   s t a b l e   t w o - p u l s e  limit c y c l e   o s c i l l a t i o n s .  Be-  
yond t h i s ,  t h e  c o n d i t i o n s  u n d e r  w h i c h  h i g h e r  o r d e r  limit cyc les  can  oc-  
c u r  were a l s o   r e v e a l e d  by t h i s   g e o m e t r i c a l   a p p r o a c h .  The two-pulse limit 
c y c l e  i s  d i s c u s s e d  i n  t h i s  c h a p t e r ,  a n d  t h e  h i g h e r  o r d e r  limit c y c l e s  i n  
Chapter  V.  
Two g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  s ta te  t r a n s i t i o n  e q u a t i o n  (or map) 
f o r m  t h e  b a s i s  f o r  t h e  s t u d i e s  d e s c r i b e d  h e r e .  The f i r s t  o f  t h e s e  is 
t h a t  a s t a t e  z i n  a g i v e n   r e g i o n  of t h e  state p lane  w j l l  l e a d  t o  a k 
Z k+l 
k 1' 
[ through  (4 .111   loca ted   on ly   in   cer ta in   reg ions .   For   example ,  if 
z E R then  z w i l l  be i n  R1, R4 ,  R5, or R6,  but  it cannot  be 
i n  R3 or R2. S i m i l a r l y ,  zk E R3 i m p l i e s  z w i l l  be i n  R1 # R 4 '  
R5, or R 6 ,  b u t   n o t   i n  R2. The s e c o n d   g e o m e t r i c a l   p r o p e r t y   o f   s i g n i f i -  
cance  here  i s  t h a t  a l l  p o i n t s  l y i n g  i n  t h e  d e a d  z o n e  a t  a g iven  va lue  of 
y w i l l  map [ th rough   (4 .1 ) l   i n to  a s i n g l e   p o i n t .  The whole  dead-zone 
area i s  mapped, t h e r e f o r e ,  o n t o  a c u r v e  i n  t h e  s ta te  p lane .  
k+ l  
k+ l  
B.  Map o f   t he  Dead Zone 
Consider a p o i n t  z E R5, t he   uppe r   ha l f  of the  dead  zone,  as 
shown i n   F i g .  19 .  Then t h e  s ta te  z ( t )  = [ x ( t ) ,  y ( t ) l  w i l l  p rog res s  
from z a t  time tk  h o r i z o n t a l l y  (a t  c o n s t a n t   v e l o c i t y  yk)  u n t i l  
time ti+l, a t  wh ich   i n s t an t  it w i l l  have   a r r ived   on   the   dashed   curve  
l a b e l l e d  B i .  From t h e   a n a l y s i s   i n   C h a p t e r  111, i t  is  c l e a r   t h a t   p o i n t s  
on B i  are t h e  same hor i zon ta l   d i s t ance   f rom B1, the   r igh t -hand  edge  
of  the  dead  zone,  as  are p o i n t s  on B3 from B2, t he   l e f t -hand   edge  
k 
F i g .  19.  STATE  RAJECTORY  FOR 
z I N  THE DEAD ZONE. k 
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of   the  dead  zone.   Therefore ,  B i  may be  def ined as  
A t  time tk+l, t h e  gas va lve  i s  f i r e d  so t h a t   z ( t )  jumps v e r t i c a l l y  
downward by 1 u n i t ,   p l a c i n g  z as shown. We n o t e   t h a t   a n y  z 
l o c a t e d  on the  hor izonta l  l ine  be tween the  edges  of  the  dead  zone ,  w i l l  
map i n t o   t h e  same z so t h a t   t h e   s i n g l e   p o i n t  z is t h e  domain 
of   the map F where  the  range  of F is t a k e n   t o   b e  t h e  h o r i z o n t a l   l i n e  
segment   lying  in   the  dead  zone.  The coord ina te s   o f  z a r e  e a s i l y  
e s t a b l i s h e d   f r o m   t h e   f o r m u l a   d e s c r i b i n g  B i .  From t h i s   f o r m u l a ,  ( 4 . 2 )  
becomes 
k + l  k '  
k + l  ' k + l  
k + l  
X = 1 - eYk + e J  2 Yk (1 + Y )  
k + l  ( 4 . 3 )  
and  the y c o o r d i n a t e  of z is obviously  (from F5 i n   Tab le  2 )  
k + l  
I f  a l l  t h e   p o i n t s   i n  R5 are mapped i n t o   t h e i r   c o r r e s p o n d i n g  z p o i n t s ,  
the mapping w i l l  form a curve [ the equat ion of  which may be determined b y  
combining E q s .  ( 4 . 3 )  and ( 4 . 4 ) l  which may be  t aken  to  r ep resen t  t h e  map- 
p ing   o f   t he   gene ra l   po in t   zk  E R5 i n t o  z This   curve is c a l l e d  
F(R5)  and is de f ined  as 
k + l  
k + l  ' 
The anatomy  of t h i s  c u r v e  is qu i t e  impor t an t  i n  wha t  fo l lows ,  so i t  is 
d i s p l a y e d  i n  F i g .  20 where i t  i s  drawn t o  a n  e x a g g e r a t e d  scale and i s  
shown for y > 1. The c o o r d i n a t e s   o f   p a r t i c u l a r   p o i n t s   a r e   i n d i c a t e d  on 
4 1  
- I  
F i g .  20.  STATE TRANSITION MAP OF THE DEAD ZONE. 
Coord ina te s  of t h e  p o i n t s  A, B ,  C, and D are 
a l s o  shown. 
t h e   f i g u r e .  The s lope   o f  F(R5) i s  ca lcu la ted   f rom (4.5) to be 
r 2,1vl 
I I 
A t  t h e   p o i n t  (1, -1) the   s lope   o f  F(R5) i s  ze ro .   Po in t  A i s  t h e  
p o i n t  a t  which  F(R5) i n t e r s e c t s  B1, the  dge  of the  dead  zone.  Point 
B i s  t h e   r i g h t m o s t   p o i n t  of F(R5)  and t h e  s lope  dy/dx is i n f i n i t e  
t h e r e .   N o t i c e   t h a t   h e  x c o o r d i n a t e   o f   p o i n t  B i s  g rea t e r   t han  1 f o r  
a l l  y > -1. B l ies below  the - x axis for y < 7 and  above it  for 
y > 7. Poin t  C is t h e   p o i n t  a t  which   F(R5)   in te rsec ts  B4, the boundary 
s e p a r a t i n g  R1 from R4. Note tha t  i f  y = 1, p o i n t  C l i e s  a t  ( 1 , O ) .  
42 
Poin t  D is t h e   i n t e r s e c t i o n  of F(R5) w i t h   t h e  x a x i s .  The s l o p e  of 
F(R5) a t  p o i n t  D is 
Note   t ha t  for y = 7 p o i n t  B c o i n c i d e s   w i t h   p o i n t  D ,  and t h e   s l o p e  is 
i n f i n i t e  a t  t h a t   p o i n t .  The   s lope   o f  F(R ) approaches -l/j, t h e  
s l o p e  of B1, as y +m. 
5 
Figure  21  shows  F(R5),   drawn  approximately  to scale for  .g = 1 / 2 ,  
a n d   f o r   t h r e e   d i f f e r e n t   v a l u e s   f o r  y : y = 0, y = 1, and y = 7 .  
I t  is c lear  from t h e  symmetry 
of  the  phase  p lane  tha t  the  mapping  
of  R 6 ,  t h e   l o w e r   p o r t i o n  of t h e  
dead  zone, i s  s i m i l a r  t o  t h e  map- 
p ing  of R5. The map F(R6) i s  j u s t  
t h e  image ,   th rough  the   o r ig in ,  of 
F(R5). F(R6) i s  n o t  shown i n   F i g s .  
20 and  21,  but i t  w i l l  be  used  and 
shown i n  l a t e r  f i g u r e s .  
t Y  
C .  Two-Pulse L i m i t  Cycles  
A two-pulse limit c y c l e ,   i f  i t  
e x i s t s ,  must l i e  i n   t h e   p h a s e   p l a n e  
between  the limits y = 1 and y = -1, 
b e c a u s e  t h e  a m p l i t u d e  o f  t h e  l i m i t  
c y c l e   i n   t h e  y d i r e c t i o n   c a n   b e *I 
a t  most 1. There fo re ,  w e  beg in   ou r  
de t e rmina t ion  of t h e   s t a b i l i t y   o f  THE  DEAD ZONE F(R,) FOR 
I \ 
Fig .   21 .  STATE  TRANSITION MAP OF 
t w o  pu l se  limit cyc les  by  observ ing  a = 1 /2  AND THREE~DIFFERENT VALUES  OF y .  
t h e  t r a n s i e n t  b e h a v i o r  o f  t h e  s y s t e m  
fo r  s t a r t i n g  states z i n   t he   dead   zone   and   i n   t he   s t r i p   l y ing   be tween  
y = 1 and y = -1. Because of t h e  symmetry of the   sys tem w e  need  con- 
s i d e r  o n l y  t h o s e  s t a r t i n g  p o i n t s  i n  t h e  u p p e r  h a l f  o f  t h i s  s t r i p .  
0 
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W e  trace t h e  t r a j e c t o r y  of z ( t > ,  using  the  mapping of the   dead  
z o n e   d e r i v e d   i n   t h e   p r e v i o u s   s e c t i o n .  A s  t h e  first example  take y > 1, 
t h e n   t h e  t w o  maps F(R5) and F(R ) appea r   (no t  t o  exact scale) as 
6 
i n  F i g ,  22; z is t a k e n  a t  a p o i n t   s l i g h t l y   a b o v e   t h e   l i n e  y = 1/2, 
as shown.  The t r a j e c t o r y  e m a n a t i n g  f r o m  t h i s  i n i t i a l  s t a t e  w i l l  be   ho r i -  
z o n t a l   u n t i l  it s t r i k e s   t h e   c u r v e  B i  (see F i g .   1 9 )  a t  time t l ,  and 
then  it w i l l  d rop   ab rup t ly   by  1 u n i t  i n  t h e  y d i r e c t i o n ;  t h i s  drop  
co r re sponds  to  the  sudden  change  in  angu la r  ve loc i ty  of t h e  s a t e l l i t e  
brought  about  by t h e  f i r i n g  o f  t h e  g a s  v a l v e  a t  t = t 1’ The s t a t e  a t  
t = t z l i es  on t h e  map F(R5)  because zo E R 5 ;  t h i s  is shown 
0 
- 
+ 
1’ 1’ 
F i g .  22. STATE TRANSITIONS FOR POINTS I N  THE DEAD ZONE, 
y > 1. 
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i n   F i g .  22. The t r a j e c t o r y  from z is a g a i n   h o r i z o n t a l ,  moving  toward 
t h e   l e f t .  Now, s i n c e  z lies i n  t h e  dead  zone,   in  R6,  the va lve  w i l l  
f i r e   a t  t = t so as t o   p u t  z on t h e  map F(R6), a t  t h e  same y 
c o o r d i n a t e  as t h a t   o f   t h e   i n i t i a l  s tate z as shown.  Eut z is a l s o  
in   the   dead   zone  so it w i l l  be mapped i n t o  t h e  same point   of   F(R5)  as  
was z namely   the   po in t   ind ica ted   by  z That a two-pulse limit c y c l e  
has  been  e s t ab l i shed  i s  c l ea r  because  each  success ive  s t a t e  i s  mapped i n -  
t o   t h e   d e a d   z o n e .   T h i s  limit c y c l e  is s l igh t ly   unsymmetr ica l   because   the  
t r a j e c t o r y   d o e s   n o t   p a s s   t h r o u g h   t h e  y = 1/2  and y = -1/2 l i n e s .  
Peak t o  p e a k   a m p l i t u d e   o f   t h e   x ( t )   o s c i l l a t i o n  w i l l  be s l i g h t l y  g r e a t e r  
t h a n   2 ;   t h i s  means t h e   e ( t )   o s c i l l a t i o n  w i l l  have a peak-to-peak  value 
o f   s l i g h t l y  more than Zed o r   a p p r o x i m a t e l y   t h a t   e s t a b l i s h e d  a s  t h e  
des ign  goa l  i n  the  des ign  of the  modulator  (Chapter 11). 
1 
1 
2 2 
0 '  2 
0' 1' 
Not ice   tha t   the   two-pulse  limit c y c l e   e s t a b l i s h e d   h e r e  is % e u t r a l l y  
s t a b l e "   i n   t h a t  a small   change  in  z i n   t h e  y d i r e c t i o n  w i l l  l e ad  to  
a two-pulse l i m i t  c y c l e   a d j a c e n t   t o   t h e   o r i g i n a l   o n e .   B e c a u s e   o f   t h e  
f i n i t e ,   c o n s t a n t   s t r e n g t h ,   t o r q u e   i m p u l s e   i m p a r t e d   t o   t h e  s y s t e m  a t  e a c h  
f i r i n g  i n s t a n t ,  t h e  t r a j e c t o r y  c a n n o t  r e t u r n  t o  t h e  o r i g i n a l  limit cyc le  
a f t e r  a small p e r t u r b a t i o n   i n   t h e  y d i r e c t i o n .   I t  w i l l  r e turn ,   however ,  
f o r  a small p e r t u r b a t i o n   i n  t h e  x d i r e c t i o n .  H e n c e ,   " n e u t r a l   s t a b i l i t y "  
o f   t he  l i m i t  c y c l e s ,  a s  i l l u s t r a t e d  h e r e ,  i s  the   bes t   one   can   ask   for  i n  
t h i s  s y s t e m .  
0 
Consider  next a t r a j e c t o r y  s t a r t i n g  i n  t h e  d e a d  zone  but a t  a d i f -  
f e r e n t   l e v e l  of v e l o c i t y ,   a s   i n d i c a t e d  by  z i n  Fig.   22.  We a s k   i f  
t h i s   t r a j e c t o r y  w i l l  l e a d   t o  a two-pulse limit c y c l e .  yA is  s l i g h t l y  
less than 1, so t h a t  z w i l l  map i n t o  a p o i n t  on F(R  ) j u s t  s l i g h t l y  
below  the x a x i s ,  shown as z . Now, z is in   r eg ion  R1 which 
means t h a t   h e   h o r i z o n t a l   t r a j e c t o r y   l e a v i n g  z t o w a r d   t h e   l e f t ,  w i l l  
be ve ry   sho r t   and  t h e  s w i t c h   i n s t a n t  t w i l l  o c c u r   b e f o r e   t h e   t r a j e c t o r y  
str ikes B1. There fo re ,  z will map i n t o  z B C = F(zB)   and ,   a l though i t  
a p p e a r s   t h a t  z w i l l  be in   t he   dead   zone ,  i t s  y coord ina te  w i l l  be 
s l i g h t l y  less than y = -1, a s  shown. T h e r e f o r e ,  z = F(zC)  w i l l  l i e  
below t h e  x a x i s .  z = F(zD) w i l l  be  back a t   h e  same y l e v e l   a s  
t h e   o r i g i n a l   s t a t e  z and i f  z l i es  i n   t h e   d e a d   z o n e ,   t h e   t r a j e c t o r y  
emanating from i t  w i l l  c o i n c i d e  w i t h  t h e  o r i g i n a l  p o r t i o n  o f  t h e  t r a j e c t o r y ,  
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B B 
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and the system w i l l  b e  i n  a l i m i t  cycle o s c i l l a t i o n ,  b u t  i t  w i l l  be a 
fou r -pu l se  l i m i t  cycle o s c i l l a t i o n .  I t  is now c l e a r   t h a t ,   b e c a u s e  z 
i s  i n   r e g i o n  R1, t he re   canno t   be  a two-pulse l i m i t  cycle wi th  a trajec- 
t o r y   p a s s i n g   t h r o u g h   p o i n t  z I t  is a l s o  clear t h a t  t h e  same holds  
t r u e   f o r   p o i n t s   d i s p l a c e d   s l i g h t l y   i n   t h e  y d i r e c t i o n   f r o m  z 
B 
A '  
A '  
In  Chapter  V ,  t h e  h i g h e r  o r d e r  limit c y c l e s ,  s t a r t i n g  f r o m  p o i n t s  
such as z are c o n s i d e r e d   i n  detai l .  Now, however, w e  t u r n   t o   t h e  
q u e s t i o n  o f  e l i m i n a t i n g  t h e  condi t ions  under  which  t h e y  can  occur .  
A '  
I n   F i g .   2 2 ,   t h e   t r a j e c t o r y   s t a r t i n g  a t  z converged , i n  a s i n g l e  
0 
s t e p ,  t o  a two-pulse limit c y c l e ,   w h i l e  t h a t  s t a r t i n g  from z d i d   n o t .  
The a p p a r e n t   d i f f e r e n c e   b e t w e e n   t h e   t w o   t r a j e c t o r i e s  is t h a t  z l i e s  
on  F(R5) i n  t h e  dead  zone,  while z l ies  on  F(R5) i n   r e g i o n  R . 
Figures  20 and  21 show t h a t  i f  y 5 1, F(R5),  i n  t h e  s t r i p  bounded  by 
y = 0 and y = -1, w i l l  l i e  comple t e ly   w i th in   t he   dead   zone ,   t he re fo re ,  
any z i n  R5 (below y = 1) w i l l  map i n t o  a z i n  R6. And, i f  
z E R then  z w i l l  map on to  t h a t  p o r t i o n   o f  F(R  which l ies 
comple t e ly   w i th in  R5.  Hence , f o r  y 5 1 , any z i n  the  dead  zone 
lying  between y = 1 and y = -1 w i l l  be t h e  s t a r t i n g   p o i n t   f o r  a tra- 
j e c t o r y  t h a t  q u i c k l y  c o n v e r g e s  t o  a s t a b l e  ( n e u t r a l l y  so!) two-pulse 
A 
1 
B 1 
0 1 
1 6' 1 6 
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limit c y c l e .   F i g u r e   2 3   i l l u s t r a t e s   t h r e e   s u c h   t w o - p u l s e  limit c y c l e s  
shown f o r  y = 0.9, a = 1/2.  The d i g i t a l   s i m u l a t i o n   d e s c r i b e d   i n   C h a p t e r  
111 and i n  t h e  Appendix was employed t o  calculate some o f  t h e s e  trajec- 
t o r i e s .  The r e s u l t s   o f  two s u c h   c a l c u l a t i o n s   a r e   g i v e n   i n   T a b l e  5 .  These 
r e su l t s  ve r i fy  the  exac t  behav io r  t o  be  expec ted  f rom the  geomet r i ca l  
r e l a t i o n s h i p  shown in  F ig .  23 .  
I f  z l i e s  on y = 1, y = 0 ,  or y = -1, t h e   t r a j e c t o r y  w i l l  
come t o  rest on B5 and w i l l  r e m a i n   t h e r e   i n d e f i n i t e l y .  T h i s  degene ra t e  
case i s  n o t  d i s c u s s e d  f u r t h e r  h e r e .  
0 
D. Convergence   o f   Tra jec tor ies  From A r b i t r a r y   I n i t i a l   S t a t e s  
I t  was shown i n   S e c t i o n  I V . C ,  t h a t  y 5 1 is a necessa ry   and   su f f i -  
c i e n t  c o n d i t i o n  for the convergence of t h e  s ta te  t r a j e c t o r y  t o  a s t a b l e  
two-pulse limit c y c l e  s t a r t i n g  f r o m  a n y  i n i t i a l  p o i n t  i n  t h e  d e a d  z o n e  
ly ing   be tween  the  limits y = 1 and y = -1. In t h i s  s e c t i o n ,   t h e   f a t e s  
of t h e s e  t r a j e c t o r i e s  t h a t  s tar t  from i n i t i a l  p o i n t s  o u t s i d e  t h i s  small 
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Fig.   23.  THREE TRAJECTORIES THAT  START I N  THE  DEAD ZONE 
AND IMMEDIATELY  CONVERGE  TO  TWO-PULSE LIMIT CYCLES, 
y < 1. 
t r a p e z o i d a l  r e g i o n  are determined,  and the condi t ions under  which they 
converge t o  a s tab le  two-pulse  limit c y c l e  o s c i l l a t i o n  are r evea led .  
A t  t h e  o u t s e t ,  it i s  c l e a r  t h a t  y 5 1 is a necessa ry   cond i t ion  
for a l l  t r a j e c t o r i e s   t o   c o n v e r g e   t o   t w o - p u l s e  limit c y c l e s .  For i f  
y > 1, t h e n   a n y   t r a j e c t o r y   l e a d i n g   t o  a po in t   such   a s  z i n   F i g .  22 
cannot   converge  to  a two-pulse l i m i t  c y c l e .  I t  is a l s o   c l e a r   t h a t  2 > 0 
is a l s o  a n e c e s s a r y   c o n d i t i o n   f o r  such convergence. If a = 0 ( the  dead- 
z o n e   b o u n d a r i e s   p a r a l l e l   t o   t h e  y a x i s ) ,  a t r a j e c t o r y  s t a r t i n g  a t  any 
i n t e g e r   v a l u e  of y ,  o r   a n   i n t e g e r   p l u s   1 / 2   f r o m   i n s i d e  t h e  dead  zone, 
w i l l  immediately enter  an %ndampedft  mult ipulse  limit c y c l e .  o s c i l l a t i o n .  
A n e g a t i v e   c o r r e s p o n d s   t o  n e g a t i v e   d a m p i n g ,   a n d   t h e   o s c i l l a t i o n s  
w i l l  d i v e r g e .  
A 
Assuming a > 0 and y 5 1, w e  now i n v e s t i g a t e   t h e   t r a j e c t o r i e s  
for i n i t i a l  p o i n t s  a t  a r b i t r a r y  l o c a t i o n s  i n  t h e  s ta te  plane.   Note 
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Table  5 
TRAJECTORIES CONVERGING TO TWO-PULSE 
LIMIT CYCLES, 7 = 0 . 9 ,  = 0.5 
X 
k Yk 
0.985 
0.01 -0.990 
-0.99 1 .044  
0 . 0 1  -0.990 
-0.99 1 , 0 4 4  
0 .01  
1 . 0 9 3  -0 .40  
-1.108 0.60 
1 .077  -0.40 
-1.108 0.60 
1.077 -0 .40 
f i r s t   t h a t   i f  y < 1 ( see   F ig .   21) ,   there  w i l l  be p o i n t s  on F(R5) above 
t h e  x a x i s ,  as h igh  as y = (1-  y)/   ( l+y) , which l i e  i n  R5 i t s e l f .  
The re fo re ,   any  z i n  R5 lying  below a y l e v e l  of 1 + ( l - y ) / ( l + y )  = 
2 / ( l + y )  w i l l  map into  the  dead  zone  and  hence w i l l  e v e n t u a l l y  e n t e r  a 
two-pulse limit cycle o s c i l l a t i o n  l i k e  one of  those shown in  F ig .  23 .  
Hence,   the   region  of   the  dead  zone  lying  between  the limits y = - 2 / ( l + y )  
and y = 2/ ( l + y )  may be   cons idered   to   be  a l lcapture  zone" (CZ) i n   t h a t  
a n y   t r a j e c t o r y   w h i c h   e v e n t u a l l y   h a s  a s ta te  z i n   t h i s  zone w i l l  con- 
v e r g e   t o  a two-pulse limit c y c l e .  The C Z  is i l l u s t r a t e d   i n   F i g .   2 4 .  
Because  of  the  symmetry  of t h e  s ta te  p l a n e ,  a t r a j e c t o r y  s t a r t i n g  
0 
k 
from a g i v e n   p o i n t  z i n  R1 w i l l  be s i m i l a r   t o  t h e  t r a j e c t o r y   s t a r t -  
i ng   f rom  the   po in t   i n  R2 which is t h e  image  of z t h rough   t he   o r ig in .  
The same i s  t r u e   o f   p o i n t s   i n  R4 c o r r e s p o n d i n g   t o   i n i t i a l   p o i n t s   i n  
R3 and a l s o   f o r   c o r r e s p o n d i n g   p o i n t s   i n  R5 and R The re fo re ,   on ly  
i n i t i a l   p o i n t s   i n  R1, R 3 ,  and R5 need  be  considered,  
0 
0 
6' 
C o n s i d e r   n e x t   t h o s e   i n i t i a l   p o i n t s   l y i n g   i n  R -  R and R1 above 3 '   5 '  
t h e  x a x i s .  The f a t e s   o f   t h e   t r a j e c t o r i e s   e m a n a t i n g  from a l l  these 
p o i n t s   a r e   s u b j e c t   t o   t h e   f o l l o w i n g   a r g u m e n t .   B e c a u s e   t h e  s ta te  v e c t o r  
z ( t )  is never  a t  rest in   t hese   r eg ions ,   and   because  i t  a l w a y s  p rogres ses  
J 
- 
Fig .  24 .  R1 AND THE  CAPTURE-ZONE C Z .  
toward the r ight  and downward,  only one of  two possible  things can happen 
t o   z ( t ) .  I t  may p a s s   i n t o  CZ and  be i n  CZ a t  a f i r i n g   i n s t a n t  t 
i n  which case z ( t )  w i l l  converge t o  a two-pulse limit cyc le .  Or, z ( t )  
may c r o s s   t h e  x axis  t o   t h e   r i g h t   o f   t h e   p o i n t  ( l , O ) ,  headed downward. 
I n   t h e  l a t t e r  c a s e ,  a f i r i n g   i n s t a n t  tk must  occur somewhere i n  t h e  
s t r i p  o f  u n i t  w i d t h  j u s t  below t h e  x axis (shaded   a rea  shown i n   F i g .  24 
as Ri). There fo re ,  a l l  o f   t h e   t r a j e c t o r i e s   t a r t i n g   i n  R3, R5, and 
R1 (above  the x a x i s )   t h a t  do n o t   e n t e r  CZ w i l l  have s ta te  p o i n t s  
z E R- F u r t h e r m o r e ,   a n y   i n i t i a l  s t a t e  l y i n g   i n  R1 b e l o w   t h e   s t r i p  
R1 can  be  cons ide red  to  be  a point   on some t ra jec tory  which  emanated  
from a n  i n i t i a l  s ta te  l y i n g  i n  R1. There fo re ,  w e  need   on ly   cons ider  
t r a j e c t o r i e s  s t a r t i n g  f r o m  p o i n t s  i n  R1 a n d ,   i f   t h e s e   c a n  a l l  be shown 
k' 
k 1' - 
- 
- 
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t o  converge  to   two-pulse  limit c y c l e s ,  t h e n  t h e  same is t r u e  f o r  a l l  
p o i n t s  i n  t h e  s ta te  p l a n e ,  e x c e p t ,  of c o u r s e ,  f o r  t h e  d e g e n e r a t e  p o i n t s  
i n  B5. 
Before  proceeding  wi th  the  convergence  proof ,  it is  o f  i n t e r e s t  t o  
n o t e   t h e   n a t u r e   o f  the  t r a j e c t o r i e s   s t a r t i n g  from i n i t i a l   p o i n t s   i n  . 
T h r e e  o f  t h e s e ,  f o r  i n i t i a l  s t a t e s  h a v i n g  l a r g e  m a g n i t u d e s ,  are shown i n  
R1 
- 
Fig .  25, and three f o r  small i n i t i a l  s ta tes  are shown i n  F i g .  26. These 
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Fig. 25. TYPICAL  TRAJECTORIES  CONVERGING TO UNSYMIIETRICAL  TWO- 
PULSE LIMIT CYCLE FROM  REMOTE INITIAL POINTS, 7 = 1 AND 
,t = 0 . 5 .  
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Fig .  26.  TYPICAL  TRAJECTORIES  CONVERGING  TO  SYMMETRICAL TWO- 
PULSE LIMIT CYCLE. 
t rajectories were o b t a i n e d  f r o m  t h e  d i g i t a l  s i m u l a t i o n  of the  sys tem 
d e s c r i b e d   i n   C h a p t e r  I11 and in  the  Appendix.   These  computer  runs were 
made for .k? = 0.5 and y = 1. O t h e r   u n s   f o r  .k? as sma l l  as  0.01 showed 
convergence t o  C Z  n e a r l y  as ab rup t  as t h a t  shown he re .  The two-pulse 
l i m i t  c y c l e  i n  F i g .  26 is s y m m e t r i c a l  b e c a u s e  t h e  i n i t i a l  v a l u e  o f  t h e  
y coord ina te  is -1/2. The l i m i t  c y c l e  shown i n   F i g .  25 is  not  symmetri- 
cal  b e c a u s e   t h e   i n i t i a l   v a l u e   o f   t h e  y coord ina te  is -0.1,  which re- 
q u i r e s  a l l  subsequent  y c o o r d i n a t e s   t o   h a v e   v a l u e s   d i f f e r i n g  from -0.1 
51 
by i n t e g e r  terms o n l y .  Hence t h e  y c o o r d i n a t e s  of t h e  limit c y c l e  are 
+0.9 and -0.1. 
A p r o o f  t h a t  t h e  t r a j e c t o r i e s  w i l l  conve rge  f rom any  in i t i a l  po in t  
- 
i n  R1 can  be  based  on  an  argument  which  depends on t h e   % t a i r c a s e l ’  
n a t u r e  o f  t h e  t r a j e c t o r i e s  w h i c h  is so e v i d e n t  i n  F i g s .  25 and 26. Figure  
27 r e p r e s e n t s  t h e  s t a i r c a s e  c h a r a c t e r i s t i c  s c h e m a t i c a l l y  ( n o t  t o  s c a . l e ) .  
We can show t h a t  t h e   p o i n t  z l y i n g  on t h e   t r a j e c t o r y  which  emanates 
from z E R- is  c l o s e r   t o   t h e  y a x i s ,  by a p o s i t i v e  amount 6 bounded 
away f rom  zero ,   than  i s  z i t s e l f .   T h a t   p o r t i o n  of t h e   t r a j e c t o r y   s u b -  
s e q u e n t   t o  z w i l l  e i t h e r   l e a d   i n t o   t h e  C Z ,  o r  c r o s s   t h e   p o s i t i v e  
x ax i s  and  have a s ta te  point  a t  t h e  same y l e v e l  as z b u t   c l o s e r  
t o  t h e  y a x i s .  Hence t h e   t r a j e c t o r y  w i l l  even tua l ly   conve rge   t o  t h e  
cz. 
2k+3 ’ 
0 1 ’  
0 
2k+3 
0 ,  
f ’  
Fig. 27. STAIRCASE NATURE OF THE STATE TRAJECTORY. 
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I f   t h e   t o t a l   w i d t h  of t h e   ( k + l )   s t e p s   l e a d i n g  downward from z 
k + l  
0 
t o  z were e x a c t l y   e q u a l   t o   t h e   t o t a l   w i d t h   o f   t h e   ( k + l )  steps 
l e a d i n g  upward  from z t o  z 
k+2 2k+3' t hen  a s imple  demonst ra t ion  
t h a t  
t o   t h e  y ax is  t h a n  i s  z . I t  is d i f f i c u l t   t o   c a l c u l a t e   t h e   t o t a l  
wid th  of t h e   ( k + l )   s t e p s   i n   q u e s t i o n .   F u r t h e r m o r e ,  a comparison  of 
i n d i v i d u a l  s t e p  w i d t h s  shows t h a t  i n  some cases an ascending  s tep  can  
a c t u a l l y   b e   w i d e r   t h a n  its c o u n t e r p a r t   ( a t   t h e  same y l e v e l )  i n  t h e  
d e s c e n d i n g   s t a i r c a s e .  However, i n   o u r   p r o o f ,  it is no t   necessa ry   t ha t  
each  ascending  stair  be  nar rower  than  (or  equal  to )  i ts descending counter-  
p a r t ,  n o r  is it n e c e s s a r y  t h a t  t h e  t o t a l  w i d t h s  o f  t h e  s t a i r c a s e s  b e  e q u a l .  
The t o t a l  w i d t h  of t h e  a s c e n d i n g  s t a i r s  c a n ,  i n  f a c t ,  b e  t h e  wider  of  the 
two, as shown b y  t h e  t r a j e c t o r i e s  i n  F i g .  2 5 .  
- - 
I Xk+2 I < Xk+l would  be s u f f i c i e n t   t o   p r o v e   t h a t  z i s  c l o s e r  2k+3 
0 
I n s t e a d  of compar ing  the  descending  s ta i rcase  wi th  the  ascending  
one ,  l e t  us compare the width of a s t e p  o n  t h e  descending  pa th  to  a s t e p  
l y i n g  a t  t h e  same y l eve l   bu t   on   t he   a scend ing   pa th   o f  a f i c t i t i o u s  
t r a j e c t o r y  whose t e rmina l   po in t   has   an  x coordinate   which is l e s s  
in   magni tude ,  by a f i n i t e  amount,   than  the x c o o r d i n a t e  of the 
s t a r t i n g   p o i n t  o f   t h e   s t e p  on the   descend ing   pa th .   Th i s   s i t ua t ion  
is  i l l u s t r a t e d   i n   F i g .  2 8 .  The magnitude  of  the x coord ina te   o f   the  
- I  
DT I I 
/FICTITIOUS TRAJECTORY 
Y 
Fig .  28. FICTITIOUS TRAJECTORIES FOR  USE I N  CONVERGENCE PROOF, 
y < -1/2. 
0 
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t e r m i n a l   p o i n t   o f   s t e p  z is  (xA-6),  where 6 is a p o s i t i v e   q u a n t i t y ,  
independent of x and y ,  and is t o   b e   s u i t a b l y   c h o s e n .  x is  t h e  
x c o o r d i n a t e   o f   t h e   i n i t i a l   p o i n t  of s t e p  z We w i l l  show t h a t   t h e  
wid th  of s t e p  z is less t h a n   t h a t   o f   s t e p  z Then we can make use  
of t h e  f a c t  t h a t ,  f o r  a g iven   va lue   o f  y ,  t he   w id th  of a s t e p  on a 
t r a j e c t o r y  becomes smaller as t h e  i n i t i a l  p o i n t  is  moved f a r t h e r  from 
the dead  zone.  (This is  simply a r e s u l t  of t h e  f a s t e r  c h a r g i n g  time o f  
t h e  i n t e g r a t o r  f o r  l a r g e r  i n p u t  v o l t a g e s . )  To compare  the  widths of 
s t e p s  z and z w e  simply  need  toc mpare A = (t  
% = (t -t 1, because  the two steps are a t  t h e  same y ( v e l o c i t y )  
l eve  1. 
B 
A A 
A '  
B A '  
A B' A A + I - ~ A )  and 
B + l  B 
To c a l c u l a t e  AA and % i n  terms of t h e  normal ized   coord ina tes ,  
w e  u s e  t h e   e x p r e s s i o n s   f o r  e ( t ) ,  developed  in   Chapter  1 1 1 ,  a long   w i th  
t h e  r e l a t i o n s h i p s  
For 
and ,  
Now, 
e = e x  L " y  x = - y  * a  
d J a 
zA e'R1, t h e  v o l t a g e   i n t o  t h e  i n t e g r a t o r  i s  
(4.7) 
( 4 . 9 )  
(4.10) 
where T = t-tA 1 and 
e = e x  
A d A  
(4.11)  
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For z w e  have B' 
where T = t-tB, and GB is t h e   i n i t i a l   p o i n t   o f   t h e   s t e p  z and 
is r e l a t e d  t o  'A by 
2 B 
where 6e = 6ed. 
NOW, combining  Eqs. (4.10) t o  (4.13) w i t h  Eqs. (4.7) t o  (4.9) y i e l d s  
e, (T1) = Ked x, + a y  - 1 + T1] I a 
(4.14) 
To c a l c u l a t e  AA and % w e  e v a l u a t e   t h e   f o l l o w i n g   i n t e g r a l s  a t  
t h e  i n s t a n t s  o f  f i r i n g  
kAA e A (z 1 ) dTl = A ( l  + y )  
These in t eg ra l s  y i e ld  the  fo l lowing  quadra t i c  fo rmulas  wh ich  m u s t  be 
s o l v e d  f o r  t h e i r  l e a s t  p o s i t i v e  r o o t s .  
(4.15) 
(4.16) 
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We note  that y is negative, so the  least  positive  roots of these ex- 
pressions are 
\ a /  
I ,. 
- 6 - j y  - 1) - J x * - 6 - $ y - l )  2 + + y )  Y 
We  form  the  difference AA - % as 
2 
2 i? (1 + 7 )  2 2jy + 6 - +jy-1)2 + a (l + r )  y + XA - 6 - jy- 1) + 
2 2 Y 
(4.18) 
Now, the  conditions on 6 to  insure (4.18) being  positive  and  thus 
step z being wider than step z (Fig. 28) must be found. In the 
condition  under  consideration, y is negative, so we consider  only  the 
numerator of (4.18). We also  note  that f o r  y = 0, (4.18) is invalid, 
and that steps z and z are  equal in width, but that the width is 
zero. The numerator  of (4.18) is rearranged  as 
A B 
A B 
- 6 -  j y -  1) + B2y - J 2 2  (XA + ay - 1) + B y + (2jy + 5 )  
(4.19) 
where p = [ j  (l+y)1/2 is  used  to simplify the expression. 2 2 
We now pose  the  question of (4.18) being  positive by forming an 
inequality  out  of the  three  terms  in (4.19) 
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The  symbol > means t h a t  i f  6 is s u c h   t h a t   h e  l e f t  s ide   o f   (4 .20 )  
is  g r e a t e r   t h a n   t h e   r i g h t   s i d e ,   t h e n   ( 4 . 1 8 )  is p o s i t i v e .  The l e f t  s i d e  
of   (4 .20)  is p o s i t i v e ,  a n d  t h e  r i g h t  s i d e  is also p o s i t i v e ,  p r o v i d e d  t h e  
f o l l o w i n g  i n e q u a l i t y  is s a t i s f i e d  
3 
+ Jy - 112 + P2Y > (2JY + 6 )  (4.21) 
We accept   (4 .21)  as a c o n s t r a i n t  on 6 ,  so b o t h   s i d e s  of (4.20) may be 
s q u a r e d  w i t h o u t  l o s i n g  t h e  v a l i d i t y  of t h e  q u e s t i o n  i n d i c a t e d  b y  t h e  ? 
symbol. If b o t h  s i d e s  of (4.20) are squared  and terms common t o  b o t h  
s i d e s  are e l imina ted ,  t he  ques t ion  posed  by  (4 .20 )  is  r educed  to  
- 2 Q y ( x A - 1 ) - Q y 6 -  [ 6 ( x , - 1 )  + 22Y2] ? - ( 2 Q y + 6 )  Jx* + Qy - 1 )  + $  y 2 2  
(4.22)  
I f  t h e  f o l l o w i n g  c o n d i t i o n  i s  met, t h e  r i g h t  s i d e  o f  ( 4 . 2 2 )  w i l l  be  posi-  
t i v e  
2Qy + 6 < 0 (4.23) 
The l e f t  s i d e  w i l l  be p o s i t i v e  i f  
-2Qy(xA - 1) - Q y 6  > 6(XA - 1) + 2.8 y 2 2  (4.24)  
We accept  bo th  condi t ions  (4 .23)  and  (4 .24) ,  and  w e  squa re  bo th  s ides  
o f   (4 .22 ) .  Many  common terms appea r   on   each   s ide   o f   t he  3 s i g n .   T h i s  
a l l o w s  t h e  q u e s t i o n  t o  b e  r e s o l v e d  t o  t h e  s i m p l e  f o r m  o f  
0 ; 4Q2y3 + 46Qy + 6 y 2 2  
Note tha t  (4 .25 )  can  be  wr i t t en  as 
(4.25)  
0 T yC6 + 2Qyl 2 (4 .26)  
11111111 I 
which is clearly s a t i s f i e d   f o r  y < 0 and for any 6. Thus, i f  w e  can 
f i n d  a p o s i t i v e  6 t o   s a t i s f y   t h e   t h r e e   c o n d i t i o n s ,   ( 4 . 2 1 ) ,   ( 4 . 2 3 ) ,  
and  (4.24),  and  not  depend  upon x o r  y ,  t h e   p o s i t i v i t y  of (4.18) 
A 
w i l l  be  assured .  
Cons ider   the  case 6 = a.  With t h i s   c o n d i t i o n   ( 4 . 2 1 )  becomes 
(4 .27)  
I f  y is  r e s t r i c t e d   t o   t h e   r a n g e   o f  
y < - -  
1 
2 (4.28) 
then  (4 .21)  is s a t i s f i e d .   C o n d i t i o n   ( 4 . 2 3 ) ,   w i t h  6 = j.? and y < - 1 / 2 ,  
is  a l s o  s a t i s f i e d ,  so (4.28)   replaces   both  (4 .21)   and  (4 .23)  as the  con- 
d i t i o n  for t h e   p o s i t i v i t y   o f   ( 4 . 1 8 ) .   F i n a l l y ,   c o n d i t i o n   ( 4 . 2 4 ) ,   w i t h  
6 = j .?, becomes 
For y < -1/2 , both   s ides   o f   (4 .29)  may be  divided  by  -j.?(2y + l), 
t h u s  r e d u c i n g  t h e  c o n d i t i o n  t o  
x > l - k ? y  
A 
(4.30) 
Th i s  is  obv ious ly   s a t i s f i ed   because  z E R which  puts z well t o  
the   r i gh t   o f   t he   boundary  of the   dead  zone.   Therefore ,   wi th  6 = 
f o r  y < -1 /2 ,   the   wid th   o f   s tep  z i n   F i g .   2 8  is  l e s s   t h a n   t h e   w i d t h  
B 
o f   t h e   c o r r e s p o n d i n g   s t e p  z The proof  of  convergence is  completed by 
the  fo l lowing  argument .  
A 1' A 
A '  
Consider a s ta te  p o i n t   z '  l y i n g   t o   t h e   r i g h t  of z b u t   a t  B' F 
t h e  same y l e v e l  on a s e c o n d   f i c t i t i o u s   t r a j e c t o r y ,  as shown i n   F i g .  
28.  Because z' is  c l o s e r   t o  t h e   d e a d   z o n e   t h a n  is z t h e   " s t e p "  
z ' i s  w i d e r   t h a n   t h e   s t e p  z and I I < I -xA I , as shown. Now, 
i f  z i  happens t o  l i e  on   the  "real1' t r a j e c t o r y   ( t h e  same t r a j e c t o r y  
B B' 
B B 
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c o n t a i n i n g  z A > ,  t h e n   t h e   s t e p  Z b  can be wide r   t han   t he   s t ep  z 
( I t  c a n  a l s o  be na r rower . )   Thus ,   i f  a s t e p  on t h e  a s c e n d i n g  s t a i r c a s e  
is wider  than  i t s  c o u n t e r p a r t  o n  t h e  d e s c e n d i n g  s t a i r c a s e ,  t h e n  t h a t  s t e p  
must l i e  t o   t h e   r i g h t  of t h e   f i c t i t i o u s   s t e p  z whose t e rmina l   po in t  
A .  
B' 
Z 
- 
is  known t o   b e   c l o s e r   t o   t h e  y ax is  by an amount a t  least 6 = B+1 
t han  is t h e   s t a r t i n g   p o i n t  of s t e p  z This  is t r u e   f o r  a l l  t h e  steps 
having  y l e v e l s  less than  -1/2,  so t h e   p o i n t  z ( see   F ig .   27 )  
lies c l o s e r   t o   t h e  y a x i s ,  by t h e   p o s i t i v e  amount 6, than  does z , 
provided  -1/2 > yo 1 -1. Hence ,   t he   t r a j ec to ry  w i l l  eventua l ly   converge  
t o  a p o i n t  z E CZ. 
A '  
2k+3 
0 
k 
For z l y i n g   i n   t h e   s t r i p  0 > y > -1/2,  convergence i s  guaranteed  
0 0 -  
under   the  fol lowing  argument .   [Refer   to   Fig.   29,   which  shows a t r a j e c -  
t o r y   s t a r t i n g   a t  z = (xA,yo) . I  The w i d t h   o f   t h e   i n i t i a l   s t e p   o f   t h i s  
0 
I 
I 
2 
" 
- I  
-2 
Fig.   29.  FICTITIOUS TRAJECTORY FOR  USE I N  CONVERGENCE PROOF, 
0 > yo 2 -1/2. 
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of t h i s   t r a j e c t o r y  is (xA-xl 1 ,  as shown. By the  argument   developed 
a b o v e ,   t h e   t e r m i n a l   p o i n t  of s t e p  z must l i e  t o  t h e  r i g h t  o f  t h e  
l i n e  x = -(x,-k?). F igu re   29  shows t h e   f i c t i t i o u s   t r a j e c t o r y   w h i c h  
bounds a l l  p o s s i b l e  real trajectories ( s t a r t i n g  from zo) on t h e  l e f t .  
The width of t h e  i n i t i a l  s t e p  may be determined by combining ( 4 . 7 )  
2 k+ l  
and  (4.17) 
2 (4 .31 ) 
S i m i l a r l y ,   t h e   w i d t h   o f   s t e p  z is d e t e r m i n e d   f o r  6 = l?, a s  2k+2 
(4.32)  
From F ig .   29 ,  it is appa ren t   t ha t   conve rgence  is a s s u r e d ,  i f  
- + IX2k+3  2k+2 - x  1 < X A  (4 .33)  
From (4 .31)   and  (4 .321,   the  l e f t  s i d e  of (4.33) may b e   c a l c u l a t e d  i n  
terms of  x A 
(4 .34)  
From t h i s  e x p r e s s i o n ,  i t  is  appa ren t   t ha t   (4 .33 )  w i l l  ho ld ,   p rov ided   t ha t  
t h e  f o l l o w i n g  i n e q u a l i t y  is v a l i d  
(4 .35)  
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I 
I n  p r o v i n g  t h e  v a l i d i t y  o f  (4.35), t he  fo l lowing  no ta t iona l  changes  
are convenient  
x - 1  
- = k  A a 
l + Y  - =  5 
2 
(4.36) 
Both a and (xA-l) are p o s i t i v e ,   a n d  y is less than  or e q u a l   t o  
u n i t y ,  so  t h e   c o n d i t i o n s  on  the  newly  def ined  parameters  Q, k, b ,  and 
< under  which (4.35) is  t o  b e   v a l i d  
o < a < -  1 - 2  b > l  - 
Each term i n  (4.38) is p o s i t i v e   u n d e r   t h e   c o n d i t i o n s  (4.371, S O  both 
s i d e s  o f  (4.38) may be   squared   wi thout   changing   the   va l id i ty  of t h e  x 
symbol .   Squar ing   bo th   s ides   and   rear ranging   the  terms y i e l d s  
The l e f t  s i d e  o f  (4.39) is p o s i t i v e  f o r  a l l  a l l o w a b l e  c o m b i n a t i o n s  o f  
a, <, and k, a n d   t h e   r i g h t   s i d e  is  n e g a t i v e   f o r  k < 5/2. T h e r e f o r e ,  
(4.39) (wi thou t   he  ? )  i s  v a l i d   f o r  k < 5/2, and w e  need  be  concerned 
o n l y  a b o u t  t h e  c a s e  k > 5/2. - 
We n o t e  a t  t h i s   p o i n t   t h a t  (4.39) must be p r o v e d   v a l i d   f o r  = 0. 
The re fo re ,   t he  term 4 2  may be  dropped  and (4.39) reduced t o  
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Now, (4 .40)   [wi thout   the  ? f o r  k > 5/2   and   for  a, b,  and 5 ,  as 
i n  ( 4 . 3 6 ) l  is a s u f f i c i e n t  c o n d i t i o n  f o r  t h e  v a l i d i t y  o f  ( 4 . 3 5 )  and  hence 
for   the   convergence  of a l l  t r a j e c t o r i e s  t o  t h e  CZ.  
U s i n g  t h e  n o t a t i o n  i n t r o d u c e d  i n  ( 4 . 3 6 ) ,  ( 4 . 4 0 )  may b e  w r i t t e n  as 
(4.41)  
Both   s ides  of (4.41) are p o s i t i v e ,  so b o t h   s i d e s  may be  squared ' 
16b r(k - 1 + a) - La] $ 4k - 20k + 25 2 2 (4.42)  
E x p a n d i n g  t h e  l e f t  s i d e  of ( 4 . 4 2 )  a n d  r e a r r a n g i n g  t h e  terms y i e l d s  
4k2 [3b + (b - 1)1 + 5 (4k - 5 )  + 16b[1 + C? + 2akl 3 16bC2k + 2QI + (a] 
(4.43)  
Now t h e  f o l l o w i n g  i n e q u a l i t i e s  h o l d  b e c a u s e  o f  t h e  c o n d i t i o n s  ( 4 . 3 7 )  
16b > 32ba - 
(4 .44)  
32bka > 32bca - 
Therefore ,   (4 .43)  may be  reduced t o  
4k2c3b + ( b - l ) ]  + 5 ( 4 k   - 5 )  + 1 6 b 2  + 1 6 b m  5 32bk  (4.45) 
where   the  = s i g n  must   be  included  because  of   the > s i g n s   i n   ( 4 . 4 4 ) .  
However, t h e  = s i g n  h o l d s  i n  (4 .44)   on ly  f o r  CX = 1/2 .   Therefore ,  
s ince  b - > 1, i f  t h e  term 1 6 b 2  is  d r o p p e d  f r o m  t h e  l e f t  s i d e  of (4.451, 
t h e  = s i g n  may a l so  be  dropped.  Equation  (4.45) m u s t  also hold f o r  
- 
= 0,  so t h e  term 1 6 b a  can be  dropped.   This   reduces  (4 .45)  to 
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4k [3b + (b - 1 ) l  + 5(4k - 5 )  P 32bk 2 ( 4 . 4 6 )  
which  must   hold  for  b > 1 and k > 5/2 .  
I t  is c o n v e n i e n t   t o   r e a r r a n g e  ( 4 . 4 6 )  t o  
bk[12k-321 + 4k ( b - 1 )  + 5 ( 4 k - 5 )  P 0 2 ( 4 . 4 7 )  
where k > 5/2  and b > 1 .  We n o t e   t h a t ,   f o r  any  value  of b ,  the 
minimum v a l u e   o f   t h e   l e f t   s i d e   o f  ( 4 . 4 7 )  o c c u r s   f o r  k = 5/2. Thus ,   i f  
( 4 . 4 7 )  h o l d s   f o r  k = 5/2   and   for  a l l  b > 1, the  proof w i l l  be complete.  
S u b s t i t u t i n g  k = 5 / 2   i n t o  ( 4 . 4 7 )  y i e l d s  
- - 
- 
20b 3 0 
which  obv ious ly  ho lds  fo r  b - > 1. Thus t h e  o r i g i n a l  i n e q u a l i t y  (4.33) 
is proved t o  be v a l i d ,  a n d  t h e  c o n v e r g e n c e  o f  a l l  t r a j e c t o r i e s  s t a r t i n g  
a t   p o i n t s  z E R- t o   t h e  CZ is a s s u r e d .  
0 1 
E .  Summary 
I n  t h i s  c h a p t e r ,  it has  been shown t h a t  t h e  n e c e s s a r y  a n d  s u f f i -  
c i e n t  c o n d i t i o n s  on t h e  sys tem p a r a m e t e r s  f o r  t h e  e x i s t e n c e  o f  s t a b l e  
two-pulse limit cyc le s ,   and  no o t h e r  l i m i t  c y c l e s ,   a r e  1 > 0 and 
7 < 1. These   condi t ions   imply   tha t  a ,  t h e   l e a d   r a t i o   o f   t h e  ra te  ne t -  
work, mus t  be  pos i t i ve  and  the  se t t i ng  of  t h e  i n t e g r a t o r  t h r e s h o l d  must 
be 
- 
2 
( I n t e g r a t o r  T h r e s h o l d )  < !&% - 25 
T h i s  means the  threshold  can  be  se t  a s  much as 100 percent  h igher  than  
i t s  nominal value.  
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Chapter  V 
HIGHER ORDER LIMIT CYCLES 
I t  has  been shown t h a t ,  i f  y 5 1 and .i? > 0, a t r a j e c t o r y   s t a r t -  
ing  from  any zo { B5 v l i l l  conve rge   t o  a s tab le   two-pulse  limit cycle .  
Those r e s u l t s  c o n s t i t u t e  t h e  p r i n c i p a l  p a r t  o f  t h i s  d i s s e r t a t i o n  i n  t h a t  
t hey   so lve   t h ree   o f   t he   fou r   ques t ions  set f o r t h  i n  C h a p t e r  I. I n  t h i s  
c h a p t e r  t h e  f o u r t h  q u e s t i o n ,  t h e  d y n a m i c  p r o p e r t i e s  of the  sys t em fo r  
y > 1, i s  i n v e s t i g a t e d .   ' T h e   p r a c t i c a l   i m p o r t a n c e  of the case  7 > 1 
can be quest ioned inasmuch as  it r e p r e s e n t s  a n  e r r o r  i n  the i n t e g r a t o r  
t h r e s h o l d  s e t t i n g  o f  more than  100 percent from the nominal value which 
was chosen on the  bas i s  o f  t he  des i r ed  ampl i tude  o f  t he  two-pu l se  limit 
cyc le .   Neve r the l e s s ,   t he   r e su l t s   desc r ibed   he re   have   r evea led  some very  
i n t e r e s t i n g   d y n a m i c   b e h a v i o r   f o r   t h e   c a s e  7 > 1, and some p r a c t i c a l  
in format ion  on the  u l t i m a t e  limits of 7 has  also  been  derived. 
S u f f i c i e n t   c o n d i t i o n s   o n  7 and z f o r   t h e   x i s t e n c e   a n d  
s t a b i l i t y  o f  t w o - p u l s e  limit c y c l e s ,  a r e  d e r i v e d  a n a l y t i c a l i y  h e r e ,  a n d  
t h e s e  a r e  v e r i f i e d  e x p e r i m e n t a l l y  b y  t r a j e c t o r i e s  o b t a i n e d  f r o m  the d ig-  
i t a l   s i m u l a t o r .   C e r t a i n   o t h e r   s u f f i c i e n t   c o n d i t i o n s  on y and z f o r  
the nonexis tence of  two-pulse  limit c y c l e s  a r e  d e r i v e d ;  t h e s e  t o o  a r e  
v e r i f i e d   e x p e r i m e n t a l l y .  The t r a j e c t o r i e s  i n  t h e s e  c a s e s  a r e  o b s e r v e d  
to  conve rge  to  fou r -pu l se  l i m i t  cyc l e s ,  s ix -pu l se  limit cycles ,   and 
h ighe r   o rde r  limit cycles,   depending  upon 7 and z . At ten t ion  is 
c o n f i n e d   t o   i n i t i a l   s t a t e s  z i n   t h e   r e g i o n   s u r r o u n d i n g   t h e   o r i g i n   o f  
t h e  z p lane   fo r  t h e  a n a l y t i c a l  work, but  i t  i s  no t  so  restricted, of  
cour se ,  fo r  t he  expe r imen ta l  work. 
0' 
0 
0 
0 
A. The  (y,yo)  Plane 
I n   t h e   a n a l y t i c a l  work desc r ibed   he re ,  the  i n t i a l   p o i n t  z w i l l  
0 
l i e  in   the  dead  zone  between the  limits -1 < yo < 1. Because  of the  
symmetry  of the state p l a n e   t r a j e c t o r i e s   s t a r t i n g  from z p o i n t s  
above  the x a x i s  a r e  s i m i l a r  t o  t r a j e c t o r i e s  s t a r t i n g  froin c o r r e -  
sponding z p o i n t s  below t h e  x axis, so w e  need  only  consider  the 
c a s e  0 < yo < 1. We assume  tha t  > 0, and i t  t u r n s   o u t   t h a t ,   i f  
0' 
0 
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t h i s   c o n d i t i o n  is s a t i s f i e d ,   d o e s   n o t   i n f l u e n c e   t h e   q u a l i t a t i v e  
p r o p e r t i e s  of limit c y c l e  b e h a v i o r  ( e x i s t e n c e  a n d  s t a b i l i t y )  u n d e r  s t u d y .  
I n   t h e   g r a p h i c a l  work, ,&? i s  t a k e n  t o  be 0 . 5  b e c a u s e   t h i s   r e p r e s e n t s  a 
p r a c t i c a l   v a l u e   f o r  &?, and   t he   s lope   o f  B1 is s u c h   t h a t   h e  geomet- 
r i c a l  f e a t u r e s  o f  t h e  i m p o r t a n t  c u r v e s  i n  t h e  s t a t e  p l a n e  a r e  e v i d e n t .  
7 and the i n i t i a l   s t a t e  z a re   t he   on ly   pa rame te r s   hav ing   i n f luence  
on t h i s  behavior ,  so t h a t  r e s u l t s  o f  t h e  a n a l y s i s  may be displayed on 
t h e  (7, yo) plane  where 0 < yo < 1, and y > 1. ( I t  i s  understood 
t h a t  &? > 0 and zo E R 5 ) .  We f i n d   b o u n d a r y   l i n e s   i n  (7 ,  yo) t h a t  
s e p a r a t e  r e g i o n s  of two-pulse limit cycle  behavior  f rom regions of  "non- 
two-pulse l i m i t  cyc le"  behavior ;  the  l a t te r  r e g i o n s  a r e  i d e n t i f i e d  e x -  
pe r imen ta l ly   a s   fou r -pu l se ,   s ix -pu l se ,  etc. reg ions .  I t  i s  conven ien t   o  
s t u d y   t h e  ( 7 , ~ ~ )  p l ane   by   p i eces   because   t he   geomet r i ca l   s t ruc tu re   o f  
t h e   s t a t e   t r a n s i t i o n   e q u a t i o n   d e p e n d s  on 7 .  T h i s   s t r u c t u r e  i s  based  upon 
the  F(R ) c u r v e   d e s c r i b e d   e a r l i e r   i n   F i g s .  20, 21, and 22 f o r   t h e   c a s e  
0 
5 
7 > 1 .  
B. The  Case 1 < 7 < 3 
An a c c u r a t e   p l o t   o f   t h e   c u r v e  F(R ) [see Eq. (4.511 f o r  y = 3 
5 
and $ = 0.5 a p p e a r s   i n   F i g .  30. This   curve  i s  r e p r e s e n t a t i v e   o f   t h e  
e n t i r e   r a n g e  of 1 < y < 3. Consider  first z l y i n g   i n   t h e  small 
s t r i p  j u s t  below t h e  l i n e  y = 1 so t h a t  1 < y < (7+1+2&')/[2(7+1) 1. 
( N o t e   t h a t   t h e   w i d t h   o f   t h i s   s t r i p  i s  [(1/2 - dy/(l+7)] and t h a t  t h i s  
wid th   approaches   zero  as 7-1.) Then, z = F ( z  ) w i l l  l i e  on 
F(R5), bu t  a t  a p o i n t   j u s t  below t h e  x a x i s  and i n  R Hence, 
z = F (z ) w i l l  l i e  a t  some point  below y = -1, and  two a d d i t i o n a l  
p u l s e s  w i l l  be r e q u i r e d   s u b s e q u e n t   t o  t = t2 t o   b r i n g   t h e   s t a t e  z 
back  up t o  the l e v e l  y Thus, z c a n n o t   b e   t h e   i n i t i a l   s t a t e  of a 
t r a j e c t o r y  t h a t  c o n v e r g e s  t o  a two-pulse l i m i t  cyc l e .  I t  can  converge 
t o  a h ighe r  o rde r  limit cyc le ,  and  in  f ac t ,  t he  expe r imen t s  show it  
c o n v e r g i n g  t o  a four-pulse  limit c y c l e  o s c i l l a t i o n .  
- 0 
0 
1 5 0  
1' 
2 1 1  
0' 0 
Cons ide r  nex t  t he  fate of t h e  t r a j e c t o r y  s t a r t i n g  a t  i n  t h e  
zO1 
s m a l l   s t r i p   o f   w i d t h  [1/2 - &'/(l+y)] , j u s t  above  the x ax i s .  z = 
F (z w i l l  l i e  i n  R6, a t  a p o i n t  on F(R5) i n   t h e   n a r r o w   s t r i p   o f  
wid th  [1/2 - <y/(l+y)l, j u s t  above   t he   l i ne  y = -1. Now t h e   t r a j e c -  
t o r y   s u b s e q u e n t   t o  t = t w i l l  s u f f e r   t h e  same f a t e   a s   t h a t   i n   t h e  
1 
5 0  
1 
" . 
Fig. 30. F(R5) FOR 7 = 3. 
previous  example  because z is i n   t h e   s t r i p  i n  R6, t h e   c o u n t e r p a r t  
t o   t h e   s t r i p   i n  R5, a d j a c e n t   t o   t h e   l i n e  y = 1. z = F ( z  ) w i l l  
l i e  i n  R j u s t   a b o v e   t h e  x a x i s ,  so t he   t r a j ec to ry   canno t   conve rge  
t o  a  two-pulse limit cycle .   Experiments  show t h a t  i t  converges  to  a 
four -pulse  limit cyc le ,  similar to  the  one  in  the  prev ious  example ,  bu t  
i s  n o t  t h e  same one. 
1 
2 6 1  
2' 
Consider   next  z E R5, l y i n g  be low  the   l i ne  y = 1 - (7-1)/(~+1) 
( t h u s  yo > 1/2 f o r  1 < y < 31, b u t   n o t   i n   t h e   n a r r o w   s t r i p   a d j a c e n t  
t o  t h e  x a x i s .  z = F ( z  ) now l ies  on F(Rg) i n  R SO t h a t  
z = F ( z  ) will l i e  on F(R ) a t  a po in t  i n  R5, a t   t h e  same y 
l e v e l  as z . The t r a j e c t o r y   s u b s e q u e n t   o  t = t will t h e r e f o r e  be 
i n  a two-pulse limit c y c l e  o s c i l l a t i o n .  
0 
- - 
1 5 0  6' 
2 6 1  6 
0 1 
F i n a l l y ,  we c o n s i d e r   t h e   i n i t i a l   c o n d i t i o n  z 
0 R5' below the 
n a r r o w  s t r i p  a d j a c e n t  t o  y = 1 but   above  the l i ne  y = 1 - (7-1) /(7+1). 
Now, z = F ( z  will l i e  on F(R ) a t  a  point. i n  R4, i n   t h e   s t r i p  
1 5 0  5 
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bounded  above  by   = (1+~-2,@/[2(~+1)]   and  below by  = - (~- l ) / (~+l ) .  
Now s i n c e  z E R4, z2  w i l l  n o t  l i e  on F(R b u t   a t  a p o i n t   t o   t h e  
l e f t  of  F ( R 6 ) ,  and a t  a y l e v e l   t h e  same a s  I f  z E R5, then 
t h e  t r a j e c t o r y  w i l l  e n t e r  a two-pulse limit c y c l e ,   b u t   i f  z2 l i es  i n  
R 3  it  migh t  no t  en te r  a two-pulse limit cyc le  ( a l though  it might  do so). 
Ne may d e t e r m i n e   a l l   p o s s i b l e   l o c a t i o n s   o f  z by c a l c u l a t i n g  F4(B4). 
z must l i e  a t  yo,  between  F(R6)  and  F4(B4). 
6 
2 
2 
2 
Y1 is  (yO- l ) ,  so B4 may be   represented  by 
so t h a t  F4(B4) i s  
I t  is  of i n t e r e s t  t o  n o t e  t h a t  t h e  i n t e r s e c t i o n  o f  F4(B4) wi th  B2 
o c c u r s   f o r  y = y / ( l+y) .   These   cu rves   a r e  shown s c h e m a t i c a l l y   i n   F i g .  31, 
which is n o t  d r a w n  t o  scale. 
From Fig. 31 i t  i s  c l e a r  t h a t  i f  y = 2 the  lower  boundary  of 
t h e   s t r i p   c o n t a i n i n g  z is a t   t h e  same  y l e v e l  as t h e   p o i n t   o f   i n t e r -  
s e c t i o n  of B2 and F4(B4). z then  lies i n  R5, and w e  have a s t a b l e  
two-pulse l i m i t  cyc le .  If y < 2, t h e n   t h e   i n t e r s e c t i o n   p o i n t  l i e s  be- 
l o w   t h e   l e v e l  of t h e  least  yo, so aga in  z will d e f i n i t e l y  be i n  
R5. If 2 < 7 < 3, w e  need t o  show t h a t  z l i e s  i n  R5 , a l though 
i t  is  fa i r ly   obv ious   f rom  F ig .  31 t h a t  i t  does l i e  the re .  A l l  p o s s i b l e  
p o i n t s  z f o r   t h e   c a s e   u n d e r   c o n s i d e r a t i o n   h e r e   a r e   t h e   e l e m e n t s  of 
1 
t h e  set de f ined  as 
0 
2 
-
- 2 
2 
- (;- 5) > Y > -  - 
y - l  i Y + I  (5.3) 
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LOCUS OF POSSIBLE z Z ' F ~  (z,) I 
X 
\ 
Fig. 31. INTERSECTION OF F(R6) AND Fq(B4) WITH B2. 
z = F (z 1, so a l l   p o s s i b l e   p o i n t s  z a r e   t h e   l e m e n t s  of t h e  s e t  
2 4 1  2 
( k  - + - ) < y < - }  1% Y + l  2 (5.4)  
We need  simply t o  cons ide r   t he   d i f f e rence   be tween   t he  x coord ina te   o f  
z and t h a t  of B which i s  x = -1 - $y f o r  2 < y < 3 and fo r  
i n  t h e   s t r i p   o f   i n t e r e s t .   T h i s   d i f f e r e n c e  is 
2 2' YO 
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which is  p o s i t i v e  f o r  y and 7 i n   t h e   r a n g e s  of interest. This  proves 
z2 E R a n d   t h e   t r a j e c t o r y  enters a two-pulse limit cycle o s c i l l a t i o n .  5’ 
One  may then   conclude   tha t  for 1 C y < 3 a l l  t h e  t r a j e c t o r i e s  - 
s t a r t i n g  from z p o i n t s   i n  R5, between  the   nar row  s t r ips  shown i n  
Fig.  31, w i l l  conve rge   t o   s t ab le   two-pu l se  l i m i t  cyc l e s .   Those   t r a j ec -  
t o r i e s  s t a r t i n g  f r o m  a n y  p o i n t  w i t h i n  t h e  s t r i p s  w i l l  n o t  c o n v e r g e  t o  
two-pulse limit c y c l e s .  We may  now p l o t  a boundary  in   the  (y ,yo)   plane 
showing the demarcation between the two-pulse and non-two-pulse (known 
expe r imen ta l ly   t o   be   fou r -pu l se )   zones .   Th i s  i s  d o n e ,   n o t   t o   s c a l e ,   i n  
Fig.  32. The equa t ion  for t he   l e f t -hand   b ranch   o f   t h i s   boundary  is 
0 
y = - -  l L  
2 l + y  
Fig. 32. 7 - yo PLANE FOR y < 3. 
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C. The Case 3 < y < 5.8285 
An a c c u r a t e  p l o t  o f  t h e  s i g n i f i c a n t  c u r v e s  i n  t h e  r e g i o n  o f  t h e  
o r i g i n ,   f o r  y = 5 a n d -  = 0 . 5 ,   a p p e a r s   i n  Fig. 33. T h i s  i s  rep re -  
s e n t a t i v e  o f  t h e  s i t u a t i o n .  f o r  7 l y i n g   i n   t h e   r a n g e  3 < 7 < 5.8285. 
(The s i g n i f i c a n c e  o f  t h i s  odd  number is  d i s c l o s e d  a t  t h e  e n d  o f  t h i s  
s e c t i o n . )   C o n s i d e r   f i r s t   t r a j e c t o r i e s   s t a r t i n g  from i n i t i a l   s t a t e s  z 
l y i n g  i n  t h e  two  shaded s t r i p s  shown i n   F i g .  33. These   a re   def ined  by 
0, 
t h e  r a n g e s  
l > y > - + -  1 0  
" a > y > o  
2 1 + y  (UPPER STRIP) 
(5.7) 
2 -  l + y  (LOWER STRIP) 
and a r e  t h e  same a s  t h e  s t r i p s  shown i n   F i g .  31; t h e   o n l y   d i f f e r e n c e  be- 
i n g   t h a t   t h e y   a r e  a l i t t l e  w i d e r  because y is  l a rge r .   Fo r  z E (UPPER 
STRIP), z1 w i l l  l i e  on F(R ) b u t   i n  R1; hence t h e  t r a j e c t o r y   c a n -  
no t  conve rge  to  a two-pulse limit c y c l e  f o r  t h e  r e a s o n s  d e s c r i b e d  i n  
0 
5 
I y = 5,1=0.5 
Fig. 33. REGION NEAR THE O R I G I N  FOR 7 = 5, i? = 0.5.  
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S e c t i o n  V.B. S i m i l a r l y   i f  z E (LOWER STRIP), t h e   t r a j e c t o r y   c a n n o t  
c o n v e r g e  t o  a two-pulse limit cyc le .  
0 
C o n s i d e r   n e x t   i n i t i a l   s t a t e s  z l y i n g   i n   t h e   s t r i p ,   j u s t   a b o v e  
0’ 
t h e  l o w e r  s h a d e d  s t r i p ,  d e f i n e d  by t h e  r a n g e  
”- f i  c y < -  2 
2 l + y  Y + l  
From p o i n t s   i n   t h i s   s t r i p ,  z = F ( z  w i l l  l i e  on F(R5) i n  R6,  1 5 0  
and  between  the  points  A1 and El i n  Fig.  33. z = F ( z  ) w i l l  then 
l i e  on F(R6) somewhere be tween  the   po in ts  A2 and E2. Note   tha t  
z E R so now t h e r e  i s  an   e lement   o f   doubt   as   to   whether   the   t ra jec-  
t o r y  w i l l  conve rge   t o  a two-pulse l i m i t  cyc l e .  The doubt may be re- 
so lved  by c a l c u l a t i n g   t h e   p o s i t i o n s   o f  z Z etc .  z is c a l c u -  3 
la ted   s imply   asF3(z2) .   For  z lying  between A2 and E2, z w i l l  
l i e  on F3(z2) ,   between  the  points  A3 (which i s  a t   h e  same  y l e v e l  
a s  AI) and E3; F3(z2) i t s e l f  w i l l  l i e  s l i g h t l y   t o   t h e   r i g h t   o f  
F(R5).  F3(z2) i s  c a l c u l a t e d   a s  f o l l o w s .  
2 6 1  
2  3’ 
3’ 4’ 
2’ 3 
L e t  z l i e  on   F(R6) ,   def ined   as   the  set  
2 
Thus, z = F ( z  ) is  c a l c u l a t e d   f r o m   t h e   s t a t e   t r a n s i t i o n   e q u a t i o n s  
(Table   2 )   as  
3 3 2  
z = z = ( x , y ) : x = l - g y - j + j  1+” 1 3 + 2 7 +yfi; 1 + Y  
- -  2 > y > -  (; + -)} 47  
Y + l  l + Y  
(5 .10)  
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N o t e   h e r e   t h a t   h i s   e x p r e s s i o n  is v a l i d   f o r  z lying  between  the 
p o i n t s  G3 a n d   a l t h o u g h   o u r   a t t e n t i o n   a t   t h e  moment i f  focused 
on ly   on   t hose   po in t s   l y ing   be tween  Ag and E3. F3(z2) i n t e r s e c t s  
B1 a t   p o i n t  H3, which  has   the y c o o r d i n a t e  ' 
3 
H3 y = - -  l + 7  8 (5.111 
The p o i n t s  on F3(z2) , lying  between E3 and H3, a r e   i n  Rs. There- 
f o r e ,   t h e y  w i l l  map in to   t he   s egmen t  E2Hq i n  R3, and  the  system will 
be i n  a two-pulse limit c y c l e ,   o s c i l l a t i n g   b e t w e e n  a p o i n t   i n  R 3  and 
one i n  R6. S imula to r   expe r imen t s   con f i rm  th i s   expec ta t ion ,   a s  i s  
i n d i c a t e d  i n  T a b l e  6 .  
Table 6 
TRAJECTORY FOR y = 5 ,  X - 0 ,  yo = 0.2 
0 
x(0)  = 0.0000 
X (1) = 1.2873 
~ ( 2 )  = -1.3746 
~ ( 3 )  = 1.3748 
~ ( 4 )  = -1.3746 
~ ( 5 )  = 1.3748 
~ ( 6 )  = -1.3746 
y (0 )  = 0.2000 
y ( l )  = -0.8000 
y ( 2 )  = 0.2000 
y(3)  = -0.8000 
y (4 )  = 0.2000 
y (5 )  = -0.8000 
y(6)  = 0.2000 
We have now a c c o u n t e d  f o r  a l l  o f  t h e  i n i t i a l  p o i n t s  i n  Ri(O < y o  < 1) , 
l y i n g  below t h e   l e v e l   o f  H4,  whose  y coord ina te  i s  (7-7) /8, and 
those   l y ing   i n   t he   uppe r   s t r i p .   Be fo re   p roceed ing   w i th   t hose   po in t s  
tha t  remain ,  i t  is u s e f u l  t o  o b s e r v e  t h e  symmetry of t h i s  s i t u a t i o n  a b o u t  
t h e   l i n e  y = 1/2. 
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Consider a point  s tar t ing in  the unshaded region above the level  of 
G2. This   point  w i l l  map onto F(R5) i n  R4 between J1 and 
which i s  similar t o   t h e  segment E2A2 i n  R3. Thus w e  can  expect 
similar subsequent  behavior  from  these  points. The  mapping F (J G ) 
w i l l  c r o s s  B2 a t  a po in t  K2, s i m i l a r  to point  H3, a t  a l e v e l  y = 
(1+7)/8. Thus a l l  p o i n t s   i n  R: above  the  level  of K2 w i l l  a l s o  pro- 
duce t r a j ec to r i e s  t ha t  qu ick ly  en te r  two-pu l se  limit c y c l e s  s i m i l a r  t o  
the one described i n  Table 6 .  
G3’ 
4 1 3  
The r ema in ing   s t r ip ,   cen te red   i n  R: and ly ing  between the   l eve l s  
of H and K may  now be inves t iga t ed  by consider ing  only  half  of  
them, say  those below y = 1/2  but  above  the  level of .H If these  
are   presented by z then z l i e s  on F3(z2) between the   po in ts  
H3 and M; M has a  y coordinate  of -1/2. A mapping of t h i s  seg- 
ment i s  shown i n  Fig. 34 (which is no t  drawn t o  e x a c t  s c a l e )  where i t  
4 2’ 
4’ 
0, 3 
Y 
Fig. 34. SEQUENCE  OF STATE  TRANSITION  MAPPINGS  SUsSEQUENT 
TO zo E R3. 
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i s  l a b e l l e d  H4M4. Now, H4M4 w i l l  map i n t o  R4 o n t o  a segment  lying 
s l i g h t l y  t o  t h e   r i g h t   o f  H3M, and t h i s  i n  t u r n  w i l l  map i n t o  a segment 
i n  R3 j u s t  to t h e   l e f t  of H4M4. Subsequent  mappings w i l l  l i e  on seg- 
ments   anchored   in  H4 b u t   a r e   i n c r e a s i n g   s t e a d i l y   t o   t h e   l e f t  of 
This  sequence  of  segments is i n d i c a t e d  i n  F i g .  34 by t h e  f a n - l i k e  s t r u c -  
ture   emanat ing  f rom H4. This   fan-shaped  behavior  i s  g r e a t l y   e x a g g e r a t e d  
i n  t h e  f i g u r e ,  a s  i s  e v i d e n c e d  b y  t h e  t r a j e c t o r y  c a l c u l a t i o n  i n  T a b l e  7 
H4M4* 
t h a t   t r a c e s   t h e   l e f t w a r d   m i g r a t i o n   o f   t h e   p o i n t  Ma. The i n c r e a s i n g  se- 
quence  of  segments i s  s e e n  t o  c o n v e r g e  r a p i d l y  t o  a p o i n t  t h a t  i s  r a t h e r  
c l o s e   t o  M2, and i t  e n t e r s  a two-pulse limit c y c l e   a t  t = t A 
similar f a n - l i k e   s t r u c t u r e   ( n o t  shown) i s  a t t a c h e d   t o  Hg and lies i n  R 
6' 
4'  
Tab le  7 
TRAJECTORY FOR y = 5 ,  x. = 0 ,  yo = 0.5 
x(0 )  = 0.00000 
x(1) = 1.36237 
x(2 )  = -1.37260 
~ ( 3 )  = 1.37452 
~ ( 4 )  = -1.37490 
~ ( 5 )  = 1.37498 
~ ( 6 )  = -1.37500 
~ ( 7 )  = 1.37500 
~ ( 8 )  = -1.37500 
~ ( 5 0 )  = -1 37500 
y(0) = 0.5 
y ( 1 )  = -0.5 
y(2)  = 0.5 
y(3) = -0.5 
y ( 4 )  = 0.5 
y(5) = -0.5 
~ ( 6 )  = 0.5 
y(7)  = -0.5 
~ ( 8 )  = 0.5 
f (50)  = 0.5 
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I t  is  of i n t e r e s t  t o  o b t a i n  a n  a n a l y t i c a l  e x p r e s s i o n  f o r  t h e  i n -  
c r e a s i n g  s e q u e n c e  j u s t  d e s c r i b e d  a n d  t o  c a l c u l a t e  t h e  limit o f  t h e  
sequence.   This  is done ’by t a k i n g  a p o i n t  zo E R3, mapping i t  i n t o  
z E R and i n   t u r n  mapping i n t o  z E R3. y2 w i l l  be t h e  same a s  
yo, so the  sequence i s  s imply  the  sequence of x c o o r d i n a t e s  x x 
1 4’ 
0’ 2’ 
”4’ * . .  - I t  i s  c o n v e n i e n t   o  look a t   h e   d i s p l a c e m e n t   o f  z .  from  the 1 
boundary B2 and t o   u s e  the a b s o l u t e   v a l u e   o f   t h a t   d i f f e r e n c e   a s   t h e  
s e q u e n t i a l   v a r i a b l e .   T h i s   d i f f e r e n c e  i s  c a l l e d  Ax and is  w r i t t e n   a s  
ox = - 1 - d y - x  
k k 
(5.12) 
A p p l i c a t i o n   o f   t h e   s t a t e   t r a n s i t i o n   e q u a t i o n s   t o  z and  then t o  z 
g i v e s  
0 1 
I f  LLX i s  norma l i zed   w i th   r e spec t   o   t he   ho r i zon ta l   w id th   o f  R3 a t  
t h e  l e v e l   y ,   a n d   i f   t h e   i n d e x i n g  is changed   f rom  0 ,2 ,4 ,6 , .  . . t o  
1 , 2 , 3 , 4 , .  . . t h rough   t he   fo l lowing   de f in i t i ons  
then the sequence may be r ep resen ted  by t h e  r e c u r s i v e  f o r m u l a  r e l n t i n g  
Mi+l i 
t o  M 
We n o t e   t h a t  j has   d ropped   ou t   o f   t he   p i c tu re ,   and   t he   p rope r t i e s   o f  
the  sequence  depend  only on y and y, each  of which i s  cons tan t   for   any  
76 
. 
I '  
I 
g i v e n   t r a j e c t o r y .   I f  a term M in   the   sequence   should   exceed  1, then 
t h e   t r a j e c t o r y   p o i n t  z w i l l  n o t  l i e  i n  R3, - and   t he   sys t em w i l l  n o t  
g o  i n t o  a t w o - p u l s e  l i m i t - c y c l e  o s c i l l a t i o n .  
j 
2 j  
We c a n  c a l c u l a t e  t h e  limit of  the  sequence  (5 .15)  by s e t t i n g  
Mi+l = Mi a n d   s o l v i n g   f o r  M = M . t h i s   y i e l d s  i' 
(5.16) 
I f   t h e   d a t a  shown i n   T a b l e  7 is u s e d   i n   ( 5 . 1 6 ) ,  M t u r n s   o u t   t o   b e  
1 / ( 2 @ ) ,  l,[(l+7)/2]'& is */4, so t h a t   t h e  l i m i t  o f  & i s  1/8. 
The sequence limit p r e d i c t s   a n   u l t i m a t e  x c o o r d i n a t e   i n  R3 o f  
-1 - $y - 1/8 = -1.375. T h i s  checks   exac t ly   w i th   t he   obse rved   va lues .  
I t  i s  c l e a r  f rom  (5 .16 )   t ha t   fo r  y i n   t h e   r a n g e  3 < y < 5.8285, - 
and y i n   t h e   s t r i p  bounded by t h e   l e v e l s  of H4 and M2, M w i l l  n o t  
exceed 1, so t h a t   e v e r y  z o u t s i d e   t h e   s h a d e d   s t r i p s   b u t   i n s i d e  
w i l l  g e n e r a t e  t r a j e c t o r i e s  w h i c h  c o n v e r g e  t o  t w o - p u l s e  l i m i t  cyc l e s .  
The b o u n d a r y   i n   t h e   y , y o   p l a n e ,   s t a r t e d   i n   F i g .   3 2 ,  may  now be  xtended 
up t o  y = 5.8285,   using  formula  (5 .6) .  
0 R5 
We now t u r n  o u r  a t t e n t i o n  t o  t h e  c a s e  y > 5.8285 by n o t i n g  f i r s t  
t h e   o r i g i n  of  t h i s  odd  number.  In  Fig. 33, which i s  drawn f o r  7 = 5,  
i t  c a n   b e   s e e n   t h a t   i f  7 i s  inc reased ,   po in t  A1 w i l l  move downward 
and El  w i l l  move upward,  and  they w i l l  meet when t h e i r  y c o o r d i n a t e s  
a r e   q u a l - - t h a t  i s ,  f o r   t h a t  y s a t i s f y i n g  
(5.17)  
or, f o r  y = 9. Fur the r ,   po in t  H3 w i l l  meet E3, i . e . ,  F3(z2) w i l l  
b e   comple t e ly   ou t s ide   o f  R6 when t h e  y coord ina te   o f  Hg i s  t h e  
same a s   t h a t   o f  E 
3 
"- 
8 
T h i s  e q u a t i o n  i s  s a t i s f i e d  f o r  y z 5.8285. 
(5.18) 
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The  meeting  of H3 and E produces a s i g n i f i c a n t   q u a l i t a t i v e  
change i n   t h e   b e h a v i o r  of the   sys tem,   because   wi th  F ( z  1 detached 
from R t h e   f a n - l i k e   s t r u c t u r e  shown i n   F i g .  34 l o s e s  i t s  anchor 
p o i n t  Hq, and  the   pa t te rn   o f   increas ing   segments   p roduces  a  wave-like 
p a t t e r n  i n  p l a c e  o f  t h e  f a n - l i k e  p a t t e r n .  We now t u r n  t o  t h i s  i n t e r e s t -  
i n g  s i t u a t i o n .  
3 
3 2  
6' 
D. The c a s e  y > 5.8285 
The reg ion  of t h e   o r i g i n ,   f o r  y = 7, .l = 0.5,  i s  drawn a c c u r a t e l y  
i n   F i g .  35. This  example is  r e p r e s e n t a t i v e  o f  a l l  t h e  c a s e s  y > 5.8285. 
C o n s i d e r   f i r s t   h e   t r a j e c t o r i e s   s t a r t i n g   f r o m  z poin ts ,   in   the   shaded  
s t r i p s   a d j a c e n t   o   t h e   l i n e s  y = 0 and  y = 1. For z i n   t h e   l o w e r  
s t r i p ,  z will be i n  R6, so t h a t  z will l i e  on F(R 1 b u t   i n  Rp; 
hence ,   t he   t r a j ec to ry   canno t   conve rge   t o  a  two-pulse limit cycle .  For 
z i n   t h e   u p p e r   s t r i p ,  z will l i e  on F(R ) but  will be i n  R1, so 
t h i s  t r a j e c t o r y  t o o  will s u f f e r  a f a t e  s i m i l a r  t o  t h a t  o f  t h e  o n e  s t a r t i n g  
i n  t h e  l o w e r  s t r i p .  Note t h a t  what  happened t o  the f i r s t  t r a j e c t o r y  a t  
t = t2 is t h e  same t h i n g  t h a t  h a p p e n e d  t o  t h e  s e c o n d  t r a j e c t o r y  a t  
t = t  
0 
0 
1 2 6 
0 1 5 
1' 
Fig. 35. REGION NEAR THE O R I G I N  FOR Y = 7, 4 = 0.5. 
78 
g i v e n   t r a j e c t o r y .  If  a term M .  i n  the sequence  should  exceed 1, then 
t h e   t r a j e c t o r y   p o i n t  z w i l l  n o t  l i e  i n  R3, . and  the  sys tem will n o t  
go i n t o  a two-pulse limit c y c l e  o s c i l l a t i o n .  
J 
2 j  
We c a n  c a l c u l a t e  t h e  limit of the  sequence ( 5 . 1 5 )  by s e t t i n g  
= Mi a n d   s o l v i n g   f o r  M = M .  t h i s   y i e l d s  h’i+l 1’ 
If t h e  d a t a  shown i n  T a b l e  7 is  u s e d  i n  ( 5 . 1 6 1 ,  M t u r n s  o u t  t o  be 
1 / (2  f i ) ,  i? [(1+7)/2]’& i s  6 / 4 ,  so t h a t  t h e  limit o f  L& is  1/8.  
The sequence limit p r e d i c t s   a n   u l t i m a t e  x c o o r d i n a t e   i n  R3 of 
-1 - Jy - 1/8 = -1 .375.  This  checks  exac t ly  wi th  the  obse rved  va lues .  
I t  is  clear from ( 5 . 1 6 )  t h a t  f o r  y i n  t h e  range  3 < y < 5.8285,  - 
and y i n   t h e   s t r i p  bounded by t h e   l e v e l s   o f  H4 and M2, M w i l l  n o t  
exceed 1, so t h a t   e v e r y  z o u t s i d e   t h e   s h a d e d   s t r i p s   b u t  i n s i d e  
w i l l  g e n e r a t e  t r a j e c t o r i e s  w h i c h  c o n v e r g e  t o  t w o - p u l s e  limit cyc le s .  
The boundary  in  the y ,  yo   p l ane ,   s t a r t ed   i n   F ig .  32, may  now be extended 
u p   t o  y = 5.8285,  using  formula ( 5 . 6 ) .  
0 RS 
We now t u r n  o u r  a t t e n t i o n  t o  t h e  case y > 5.8285 by n o t i n g  f i r s t  
t h e   o r i g i n   o f   t h i s  odd  number.  In Fig. 33, which is  drawn f o r  y = 5 ,  
i t  can  be s e e n   t h a t  if y is inc reased ,   po in t  A1 w i l l  move downward 
and El will move upward,  and  they w i l l  meet when t h e i r  y c o o r d i n a t e s  
are equal - - tha t  is, f o r   t h a t  y s a t i s f y i n g  
( 5 . 1 7 )  
or,  f o r  y = 9. F u r t h e r ,   p o i n t  H3 w i l l  meet E3, i . e . ,  F3(z2) w i l l  
be comple t e ly   ou t s ide   o f  R6 when the y c o o r d i n a t e  of H3 is  t h e  
same a s   t h a t   o f  E 
3 
-  l + Y ” - - ”  8  [ p y  + $1 
T h i s  e q u a t i o n  is s a t i s f i e d  f o r  7 s 5.8285.  
(5 .18 )  
C o n s i d e r   n e x t   h e   t r a j e c t o r i e s   t a r t i n g  from z l y ing   i n  
between  1/2 < y < [1/2 - n/(l+y)]. z1 t h e n   l i e s  on F(R5) between 
the   po in t s  E and M,. Therefore,  z will l i e  on  a curve e n t i r e l y  
i n  R3' a portion  of vrhich ( t h e  mapping  of  segment E A ) i s  coinci-  
dent   with F(R6) the  remainder of it ( t h e  mapping  of Alhll) l ies t o  
t h e   l e f t  of F(R6). This  i s  shovm in   F ig .  35. 
0' 
1 2 
1 1  
The segment A2M2 is dravm out  of s c a l e   f o r   c l a r i t y .  z l ies  on 
3 
the  mapping  F (E M ), and  because 7 i s  grea te r   than  5.8285, t h i s  
mapping, denoted as E3M3 i n   t h e   f i g u r e ,  l ies e n t i r e l y   w i t h i n  . 
(E3h13 i s  a l s o  drawn out   of   scale . )  
3 2 2  
R4 
The behavior   o f   the   t ra jec tory   subsequent   to  t = t may be s tudied 3 
from the  qua l i t a t ive  ske tch  o f  t he  i t e r a t ive  mappings  of E3M3 i n  t h e  
region  near  E2. This   region i s  shovm in  exagge ra t ed  sca l e  i n  Fig. 36. 
Here E4M4 i s  the  mapping of E3M3. Note t h a t  E4M4 i n t e r s e c t s  
a t  a point  14. Those s ta te  poin ts  z l y i n g  on t h e  segment E414, 
will n o t  l e a d  t o  a  two-pulse l i m i t  cyc le  because  they  a re  in  R2; hence, 
they are el iminated from fur ther   cons idera t ion .  14M4 is mapped i n t o  
R4' on a  segment (not  shovm) l y i n g   j u s t   t o   t h e   r i g h t   o f  E3N3, and 
B4 
4' 
Fig. 36. SEQUENCE O F  STATE  TRANSITION  MAPPINGS LEADING TO 
"WO-PULSE AND NON-TWO-PULSE  OSCILLATIONS. 
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that  segment is mapped  again  into ISM6. 16M6 must  lie  slightly  to  the 
left of 14M4, so that  a  small  portion of it  projects  into R2, and 
the  points on this  small  portion  are  lost as candidates  for  states  lead- 
ing  subsequently to two-pulse limit cycles.  The  sequence of mappings 
hT6, hs, MlO, ... continues  until  it converges to  the  curve  shown  as 
hloDyc in Fig. 36. This sequence  of  mappings  which  resembles  a  "wave 
motion"  may  be  described in terms  of  the  recursive  formula  derived  in 
Section V . C .  The  point may  be  determined  from  this  formula  by 
setting hli+l = M. = M = 1. This yields 
1 m 
YC 
which is the  formula  separating  the (y,yo)  plane into  two-pulse  and 
non-two-pulse  regions. A dramatic  demonstration of the  converging  se- 
quence of segments  is given if two  trajectories, each starting  in 
at t = 0 but with slightly  different  y  coordinates,  one  just 
slightly  above  and  the  other  just  slightly  below  y  are  calcu- 
lated. This is done here for y = 16. Equation (5.19) gives - 
0.36459 as the  boundary  separating  the  two-pulse  and  non-two-pulse 
regions.  Simulation runs with z = ( 0 , O .  36460) and z = (0,O. 36458) 
were made,  and  the results are shown in Tables 8 and 9. Note  in  Table 8 
that  the  sequence converges on  the 26th step to  an x coordinate of 
-2.06250, and  that  in Table 9, on  the 22nd step,  the x coordinate  is 
-2.06249, exactly the  same as x(22) in Table 8. This slight  differ- 
ence (0.00002) in the  y  coord2nates of the  two  trajectories is enough 
to place ~ ( 2 2 )  in R3 on the first trajectory but in R2 on the 
second!  It is also interesting  to note that  the  second  trajectory, ha*!- 
ing entered R2 for the  first  time  at t = t converges  eventually 
to  a  four-pulse limit cycle at  t = t 
R: 
0 
yC C' 
yc - 
0 0 
22' 
32' 
The fate of trajectories  starting in the  upper half of RZ is 
similar  to  those  starting in  the  lower half of R;, except, of course, 
they  converge  to  different  limit  cycles. 
We can now complete  the  portrait of the  (y,yo)  plane  started  in 
Fig. 37. The boundary  separating  the  two-pulse  limit  cycle  inital  points 
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t h a t  segment i s  mapped a g a i n   i n t o  ISM6. ISM6 must l i e  s l i g h t l y   t o   t h e  
l e f t  of 14M4, so t h a t  a small p o r t i o n   o f  i t  p r o j e c t s   i n t o  R 2 ,  and 
t h e  p o i n t s  on t h i s  s m a l l  p o r t i o n  a r e  l o s t  a s  c a n d i d a t e s  f o r  s t a t e s  l e a d -  
i n g   s u b s e q u e n t l y   t o   t w o - p u l s e  limit c y c l e s .  The sequence  of  mappings 
M6, M8, M1O, 
Mmyc i n   F i g .  
motion" may 
S e c t i o n  V. C.  
s e t t i n g  
Mi+l i m 
. . . c o n t i n u e s  u n t i l  i t  c o n v e r g e s  t o  t h e  c u r v e  shown a s  
36.  This  sequence  of  mappings  which  resembles a  "wave 
be d e s c r i b e d  i n  terms of the  r ecu r s ive  fo rmula  de r ived  in  
The p o i n t  may be determined  from  this  formula by 
YC 
= M  = M  = 1. T h i s   v i e l d s  
(5.19) 
which i s  the   fo rmula   s epa ra t ing   t he   (y ,y  ) plane  into  two-pulse   and 
non-two-pulse  regions.  A dramatic   demonstrat ion  of   the  converging se- 
quence  of  segments i s  g i v e n  i f  two t r a j e c t o r i e s ,  e a c h  s t a r t i n g  i n  
a t  t = 0 b u t   w i t h   s l i g h t l y   d i f f e r e n t  coord ina tes ,   one  j u s t  
s l i g h t l y   a b o v e   a n d   t h e  o t h e r   j u s t   l i g h t l y   b e l o w  y a r e   c a l c u -  
l a t e d .   T h i s  i s  done   he re   fo r  y = 16.   Equat ion  (5 .19)   gives  yc - 
0.36459 as   the  boundary  separat ing  the  two-pulse   and  non-two-pulse  
reg ions .   S imula t ion   runs   wi th  z = ( 0 , O .  36460)  and z = ( 0 , O .  36458) 
were made, a n d  t h e  r e s u l t s  a r e  shown i n  T a b l e s  8 and 9. Note i n  T a b l e  8 
tha t   he   sequence   converges  on t h e   2 6 t h   s t e p   t o   a n  x coord ina te   o f  
-2 .06250,   and  that   in   Table   9 ,  on t h e  22nd s t e p ,   t h e  x coord ina te  i s  
-2 .06249 ,   exac t ly   t he  same a s   x ( 2 2 )   i n   T a b l e  8. T h i s  s l i g h t   d i f f e r -  
ence   (0 .00002)   in   the  y c o o r d i n a t e s   o f   t h e  two t r a j e c t o r i e s  i s  enough 
t o   p l a c e   ~ ( 2 2 )   i n  R3 on t h e   f i r s t   r a j e c t o r y   b u t   i n  R 2  on t h e  
second! I t  is a l s o   i n t e r e s t i n g   t o   n o t e   t h a t   t h e   s e c o n d   t r a j e c t o r y ,  h2.1- 
i n g   e n t e r e d  R 2  f o r   t h e   f i r s t  time a t  t = t 22, converges   eventua l ly  
t o  a fou r -pu l se  limit c y c l e  a t  t = t 
0 
R: 
YO 
C '  
0 0 
32' 
The f a t e   o f   t r a j e c t o r i e s   s t a r t i n g   i n   t h e   u p p e r   h a l f  of R; i s  
s i m i l a r   t o   t h o s e   s t a r t i n g   i n   t h e   l o w e r   h a l f   o f  R:, except ,   o f   course ,  
t h e y  c o n v e r g e  t o  d i f f e r e n t  limit c y c l e s .  
We can now c o m p l e t e   t h e   p o r t r a i t   o f  t h e  ( y , y  ) p l a n e   s t a r t e d   i n  
0 
Fig. 37.  The boundary   separa t ing  t h e  two-pulse limit c y c l e   i n i t a l   p o i n t s  
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K =  I 3  
Y =  I 
Y- 2 
K =  7 
K =  4 
K =  5 
K =  6 
K =  7 
K =  R 
K =  9 
K =  1" 
K =  1 1  
K =  1 2  
K =  13  
Y =  1 4  
K =  I 5  
K =  1 6  
I ( =  17 
Y =  
K =  19 
K =  :r, 
Y =  2 1  
K =  7 7  
Y -  21 
K =  2 5  
K =  7 6  
K =  2 7  
K= 2 II 
Y =  7s 
K =  qr: 
K =  71 
K =  3 2  
K =  1 3  
K =  3 L  
Y =  15 
K =  
K =  77 
K =  3 6  
K =  36 
K Y  ? C  
K =  41- 
K =  41  
K =  47 
I(= 4 3  
K =  44 
u =  45 
K =  46 
K =  47 
K =  4P 
K =  49  
K =  5r 
Table 8 
P E G I O N =  5 
R E G I O N =  4 
R F G I O N =  3 
R E G I O N =  4 
R F G I O N =  3 
P. E G  If!N= 4 
P F G I O N =  3 
RFC,JON= 4 
R E G I O N =  3 
S F G J O N =  4 
D E G I O N =  3 
R F G I f l N =  4 
R F G I O N =  3 
QEG' l l lN=  4 
R E G I O N =  3 
R F G I T ) N =  4 
D E C I f l N =  3 
R FGI13hl= 4 
R E G I O N =  3 
" E C . I O Y =  4 
R F G I f l N =  3 
R F G I @ N =  4 
R E G I O N =  3 
R F G T n N =  4 
R E % l ( I N =  3 
r i F G r n N =  4 
R F C , I O N =  3 
' I E G l O Y =  4 
RFC,TClN= 7 
RFC,TCN= 4 
K F G I ( 3 N =  4 
P F G I O N =  3 
P F G I O N =  4 
R E G l C I N =  7 
R E G I O N =  4 
RFGInN: 3 
P E G l n N =  4 
RFGII )N= 3 
Q F G I O N =  4 
P . F C , I f l N =  3 
" E G I O N =  4 
Q F G l O N =  3 
R E G I O N =  4 
R E G I O N =  3 
REGTCIY=  4 
REGION= 3 
? F G I n N =  4 
C F G I @ W =  3 
R E G I O N =  4 
H F G I O N =  3 
" E ( ; r n Y =  3 
TRAJECTORY FOR 7 = 16, = 0.5, X = 0 ,  = 0.36460 
0 yo 
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K- c! 
K= 1 
K =  2 
K =  3 
K =  4 
K =  5 
K =  h 
y =  7 
K =  8 
Y =  9 
K =  13 
K =  I 1  
K= I7 
K =  13  
K =  1 4  
Y =  1 5  
I<= 1 6  
K =  17  
K =  16 
K =  1.9 
K= 2c 
K =  21 
K =  2 2  
K =  2 3  
K =  7 4  
Y =  2 5  
K =  2 6  
K =  2 7  
Y =  1 8  
K =  2 9  
Y =  30 
K= 3 1  
K =  3 2  
K =  3 3  
K =  74 
K =  3 5  
K =  36 
K =  37 
K =  3 8  
K =  3 9  
K =  4 c  
K =  4 1  
K =  4 2  
K =  4 3  
K =  4 4  
K =  4 5  
K =  45 
K =  4 7  
K =  4 A  
K= 49 
K =  5.3 
Table 9 
0.36458 
-9.h3542 
0 . 3 6 4 5 8  
-3.63542 
-?e63542 
0.36455 
- n e 6 3 5 4 2  
0 . 3 6 4 5 8  
" 3 . 6 3 5 4 7  
3.3645R 
-?e63547 
0.3645!? 
-0 .63542 
L "7445R 
-3 .63542 
G.36459 
-9 .63542  
0.3S45Y 
-0.63542 
n .36458 
17.35458 
1 .36458 
-?.63542 
0 . 3 5 4 5 9  
1 . 3 5 4 5 3  
0.3r i45n 
- 0 . 5 3 5 4 2  
0 .36458 
1 - 3 6 4 5 8  
0 . 3 6 4 5 8  
-0 .63542 
Q . 3 t 4 5 H  
1 - 3 h 4 5 P  
3 . 7 6 4 5 8  
- 0 . 6 3 5 4 2  
0.35458 
1 . 3 6 4 5 8  
( ? e 3 6 4 5 9  
-0 .63542 
2 .36458 
1 . 3 6 4 5 8  
0 . 3 6 4 5 8  
-0.63547 
0 3 54-5 R 
1 .34458 
0 .36458 
- q e h 3 5 4 2  
0.3645R 
n . 3 6 4 5 ~ 1  
-r .h 3 5 4 2  
n.:36459 
TRAJECTORY FOR 7 = 16, j = 0 . 5 ,  X = 0, = 0.36458 
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from  the  rest of the  plane is given by (5.6) and (5.19) as 
Yo-" - 2 fi l + y (1 < y < - 5.8258) 
- l + Y  
'0 8(3 + 2 6 )  - 
These expressions  give the  boundary  for 0 < yo < 0.5. The boundary  it- 
self is symmetrical  about the = 0.5 line, and so the  complete  curve 
is  approximately  that  shown in Fig. 37. 
- - 
24 61 
Y 
Yo 
Fig. 37. y - yo PLANE FOR y < 23. 
It is interesting  to  note  that (5.20) implies that  for y > 22.3137 
there can be no two-pulse  limit  cycles. This point was verified  experi- 
mentally by running two  trajectories,  each  starting at = 0.5 but  one 
for y = 22.31 and  the other for y =. 22.32. The  results of these  runs 
are listed in Tables 10 and 11. The  trajectory for y = 22.31 converges, 
YO 
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I 
GAMMA(  AMPLIFIER  FIRING  THRESHOLD ) =  22.31 
K =  0 
K= 1 
K= 2 
K =  3 
K= 4 
K= 5 
K =  6 
K= 7 
K= 8 
K= 9 
K = l O  
K = 1 1  
K = l Z  
K=13  
K=14  
K = l 5  
K=16 
K = l 7  
K=18 
K = l 9  
K=20  
K=2 1 
K=22  
K=2 3 
K = 2 4  
K=2 5 
K=26 
K=2 7 
K=2  8 
K = 2 9  
K=30  
K=3 1 
K=32 
K=33 
K=34 
K=3 5 
K=36 
K-3 7 
K=38 
K=39 
K=40 
K = 4  1 
K=42 
K=43 
K=44 
K=45 
K=46  
K = 4  7 
K=48 
K=49 
K=50 
X K )=  0.00000 
X ( K ) =  1 . 9 5 7 0 1  
X I K ) =  -2 .14883  
X ( K  ) =  2.25492 
X ( K  )= -2.3205 e 
X ( K I =  2 .36339  
X ( K ) =  -2 .39210  
X I K l =  2 .41171  
X ( K I =  -2 .42524  
X ( K ) =  2. 4 3 4 6 6  
X ( K ) =  - 2 . 4 4 1 2 4  
X ( K ) =  2 .44585  
X ( K ) =  -2 .44910  
X ( K ) =  2 . 4 5 1 3 8  
X ( K I =  - 2 . 4 5 3 0 0  
X ( K ) =  2 . 4 5 4 1 3  
X I K ) =  -2 .45494  
X ( K ) =  2 . 4 5 5 5 0  
X ( K ) =  - 2 . 4 5 5 9 1  
X ( K ) =  2 . 4 5 6 1 9  
X I K I =   - 2 . 4 5 6 3 9  
X ( K ) =  2 .45653  
X ( K 1= -2 .45663  
X ( K ) =  2 .45670  
X ( K ) =  - 2 0  4 5 6 7 5  
X ( K  )=  2 .45679  
X ( K ) =  - 2 . 4 5 6 8 1  
X ( K ) =  2 .45683  
X ( K  )= - 2 . 4 5 6 8 4  
X ( K ) =  7 .45685  
X I K )=  2.45686 
X ( K ) =  2 .45687  
X ( K I =   - 2 . 4 5 6 8 6  
X ( K ) =  - 2 . 4 5 6 8 7  
X I K ) =  -2 .45687  
X K ) =  2 . 4 5 6 8 7  
X ( K  I =  - 2 . 4 5 6 8 7  
X I K )=  2.45687 
X ( K  ) =  - 2 . 4 5 6 8 7  
XI K ) =  2.45687 
X ( K ) =  -2 .45687  
X I K ) =  2. 4 5 6 8 7  
X ( K ) =  -2 .45687  
X ( K ) =  2 .45687  
X ( K I =  -2 .45687  
X l K ) =  20 4 5 6 8 7  
X I K ) =  - 2 . 4 5 6 8 7  
X I K ) =  2 .45687  
X ( K ) =  -2 .45687  
X ( K ) =  2 .45687  
X ( K ) =  - 2 . 4 5 6 8 7  
L=O. 5 0 0 0  
REGION= 5 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REG1  ON= 3 
REGION= 4 
REGION= 3 
REG1  ON= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
RE.GION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
REGION= 4 
REGION= 3 
TRAJECTORY CONVERGING TO TWO-PULSE LIMIT 
CYCLE FOR 7 = 22.31 
G A M M A (   A M P L I F I E R   F I R I N G   T H R E S H O L D  ) =  22.32 
K =  0 
K =  1 
K =  2 
K =  3 
K =  4 
K= 5 
K =  6 
K =  7 
K= 8 
K =  9 
K = l O  
K = l l  
K = l 2  
K = 1 3  
K = l 4  
K = l 5  
K = 1 6  
K = l 7  
K = 1 8  
K = 1 9  
K = 2 0  
K = 2 1  
K = 2  2 
K = 2  3 
K = 2 4  
K = 2  5 
K = 2 6  
K = 2  7 
K = 2  8 
K = 2  9 
K = 3 0  
K = 3  1 
K = 3 2  
K = 3 3  
K = 3 4  
K = 3   5  
K = 3 6  
K - 3 7  
K = 3 8  
K = 3 9  
K = 4  0 
K = 4  1 
K = 4 2  
K = 4 3  
K = 4 4  
K = 4  5 
K = 4 6  
K = 4  7 
K = 4 8  
K = 4 9  
K = 5 0  
L = O .  5 0 0 0  
R E G I O N =  5 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  3 
R E G I O N =  4 
R E G l O N =  3 
R E G I O N =  4 
R E G 1  O N =  3 
R E G I O N =  1 
R E G I O N =  6 
REGION= 2 
R E G I O N =  2 
R E G I O N =  3 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  4 
R E G I O N =  2 
R E G I O N =  2 
R E G I O N =  3 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  4 
R E G I O N =  2 
R E G I O N =  2 
R E G I O N =  3 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  4 
R E G I O N =  2 
R E G I O N =  2 
R E G I O N =  3 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  4 
R E G I O N =  2 
R E G I O N =  2 
TRAJECTORY  APPARENTLY  CONVERGING TOWARD  A S I X - P U L S E  
LIMIT CYCLE  FOR 7 = 22.32 
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as expected,  to  a  two-pulse limit cycle  on t h e  32nd step.  For 7 = 22.32, 
t he  t r a j ec to ry  fo l lows  a path which appea r s  t o  be c l o s e  t o  one which con- 
verges  to  a two-pulse limit cycle,   z jumping  back  and f o r t h  between 
Rg and R4, up to   t he   23 rd   s t ep .  A t  t h i s   po in t ,   zen te r s  R1, and 
the  t r a j ec to ry  d ive rges  away from a two-pulse l i m i t  cycle;  it appea r s  t o  
be converging toward a six-pulse limit c y c l e  a t  t h e  end of the run. 
I t  is  a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  a t  t h e  p o i n t  where the  two 
boundary sec t ions  meet (7 = 5.8285, y 0.146451, (5 .20)   ind ica tes   tha t  
the  slope  of  the  boundary  curve  for  y = 0.14645- [derived from the  
f i r s t   equa t ion   o f   (5 .20 ) ]  is the  same as   t he   s lope   fo r   y  = 0.14645  [de- 
r ived  from the second equation of (5.20)j .  
k 
0 + 
Numerous experimental  runs were made t o  v e r i f y  t h e  boundary shown i n  
Pig.  37,  and  these a l l  indicated that  (5 .20)  was v a l i d  t o  w i t h i n  t h e  a c -  
curacy of the computer (five decimal places). Many o ther  runs  were made 
t o  d e t e r m i n e  t h e  n a t u r e  o f  t h e  t r a j e c t o r y  f o r  s t a r t i n g  p o i n t s  o u t s i d e  t h e  
two-pulse  region.  Four-pulse,  six-pulse,  eight-pulse,  and  ten-pulse 
limit cycle   osci l la t ions.vrere   observed.  (The eight-  and  ten-pulse  oscil-  
l a t i o n s  were observed  only  for  extreme  values  of 7,  in  the  range  of  
50 to  100.)  Approximate  boundaries  between  the  two-pulse,  four-pulse, 
and six-pulse regions were e s t ab l i shed  and a r e  shown in  the  dashed  l i nes  
of  Fig. 37. 
I t  should  fur ther  be n o t e d  t h a t  t h e  s t u d i e s  d e s c r i b e d  i n  t h i s  chap- 
ter, t h e  r e s u l t s  o f  which are e s s e n t i a l l y  summarized i n  Fig.  37, a r e  
conce rned  so le ly  wi th  t r a j ec to r i e s  t ha t  s t a r t  from points  within the 
dead  zone  between the  limits -1 < y < 1. (The 7, yo p o r t r a i t  f o r  
-1 < y < 0 is the same as t h a t  i n  F i g .  37 because  of  the symmetry of 
the  system.)  Several  experimental  runs were made f o r  i n i t i a l  p o i n t s  
outside the dead zone; some of these converged to two-pulse limit cycles  
and some to  fou r -pu l se  l i m i t  cycles.  Further study of the convergence 
p rope r t i e s  o f  such  t r a j ec to r i e s  is suggested in  Sect ion E of Chapter V I I .  
0 
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Chapter VI . 
SUMMARY OF RESEARCH RESULTS 
The principal  result  of  the  work  described in the  earlier  chapters 
of this mport has been  the  discovery of the  geometrical  properties of 
the  state  transition  equations;  and,  these  equations  lead  to  the solu- 
tion of the  basic  question  regarding  the  existence,  stability,  and  con- 
vergence  properties of two-pulse  limit  cycles. This solution  is sum- 
marized  by  the two conditions 
described ir. Chapter IV. An equally  important  application of the geo- 
metrical  properties  of  the  state  transition  equations  uncovered  the 
intricate  structure  of  the  region near the  origin  of  the  state  plane 
that exists for 7 > 1 and  that  explain  the  fascinating  dynamic be- 
havior of the  system as it  diverges  from  the  two-pulse  limit  cycle  to- 
ward  the  higher  order  limit  cycles. The necessary  conditions  for  exis- 
tence  of  two-pulse  limit  cycles  are 
y < 8 3 + 2 @  y o - 1  0
derived  in Chapter V. These  conditions  are  also  typical of the  practical 
information  resulting  from  the  application f this  geometrical  approach 
to  analysis. 
The  describing-function-like  approach  used  in  Chapter 11, to  deter- 
mine  the  necessary  steady-state  characteristics of the modulator,  appears 
to  be new--at  least  it  is  not  a  widely known technique  and it yielded 
very  useful results in this  study. 
Other  information,  produced by this  work  and  not  previously  avail- 
able,  includes  the  state  transition  equations'  for  the  specific  class of 
attitude  control  system  with  a  dead-band.  element.  Only  equations  for 
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t h e  case 0 = 0 (no  dead  band) a r e   a v a i l a b l e  C21, a s   f a r   a s   t h e   a u t h o r  
is  aware. The computer  program  based on these  equat ions  (see  Appendix)  
makes convenient experimental  work possible on th i s  sys t em.  
d 
Othe r  by -p roduc t s  o f  t he  p r inc ipa l  r e su l t s  r epor t ed  a re  some i d e a s  
for f u t u r e  r e s e a r c h  work. This  work might  y ie ld  a be t t e r  unde r s t and ing  
of some o t h e r  p r a c t i c a l  p r o b l e m s  a s s o c i a t e d  w i t h  t h e  d e s i g n  of a t t i t u d e  
con t ro l   sys t ems .   These   sugges t ions   fo r   fu tu re  work a r e  l is ted and  de- 
s c r i b e d  b r i e f l y  i n  the  fo l lowing  chap te r .  
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Chapter  V I 1  
mPTTJRE WORK 
A .  Differen t   Modula tors  
The IPF modula tor  used  in  the  sys tem descr ibed  here  i s  only one of 
a class o f  m o d u l a t o r s  h a v i n g  t h e  s p e c i f i c  s t e a d y - s t a t e  c h a r a c t e r i s t i c s  
de t e rmined  in  Chap te r  I1 t o  be n e c e s s a r y  f o r  the exis tence of  two-pulse  
limit c y c l e s .   S e v e r a l   o t h e r  commonly used modula tors ,   such   as   the   in -  
c r eas ing ly  impor t an t  "de r ived  r a t e "  modu la to r  [4,51 , could probably be 
s t u d i e d  u s i n g  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  s ta te  t r a n s i t i o n  e q u a -  
t i o n s  f o r  t h e  s y s t e m s  i n  w h i c h  t h e y  are used. 
Modulators  which  produce  unbalanced  impulses,  uniform  for  clockwise 
torques ,   and   a l so   un i form,   bu t  o f  d i f f e r e n t  m a g n i t u d e ,  f o r  c o u n t e r c l o c k -  
wise to rques ,  migh t  a l so  be s t u d i e d  u s i n g  t h i s  a p p r o a c h .  
Modulators i n  w h i c h   t h e   t h r e s h o l d   e r r o r  y is  no t   cons t an t   bu t  
f luc tua tes  randoni ly  might  produce  impor tan t  var ia t ions  in  the  regular  
limit c y c l e  b e h a v i o r  o f  a t t i t u d e  c o n t r o l  s y s t e m s .  T h i s  work h a s  shown 
t h a t   i f  y i s  constant ,   two-pulse  limit c y c l e s  will occur .   fo r  7 any- 
where i n  t h e  r a n g e  -1 < 7 < 1. T h i s  r e s u l t  g i v e s  g r o u n d s  f o r  b e l i e v i n g  
t h a t  y could  f luctuate   by  small   amounts   f rom time t o  time wi thou t  up- 
s e t t i n g   t h e   d e s i r e d   t w o - p u l s e  limit c y c l e .  I f  t h i s  is t r u e ,  what a r e   t h e  
l i m i t a t i o n s  on t h e  f l u c t u a t i o n s  w h i c h  are allowed? 
B. Torque  Disturbances 
I f  a small c o n s t a n t  t o r q u e  is  a p p l i e d  t o  t h e  s a t e l l i t e  body  by some 
e x t e r n a l  a g e n t  s u c h  as  aerodynamic drag, r a d i a t i o n  p r e s s u r e ,  o r  g r a v i t y  
g r a d i e n t s ,  a "one-pulse" limit c y c l e  o s c i l l a t i o n  is p o s s i b l e .  The  con- 
s t a n t  d i s t u r b a n c e  t o r q u e  c a u s e s  a s m a l l  a c c e l e r a t i o n  i n  o n e  d i r e c t i o n  
which must be c o u n t e r e d  o c c a s i o n a l l y  by an impulse f rom the control ler .  
I t  seems t h a t  t h e  limit c y c l e  o s c i l l a t i o n s  o f  s u c h  a system could be 
s t u d i e d  by  making m o d i f i c a t i o n s  t o  t h e  s ta te  t r a n s i t i o n  e q u a t i o n s  de- 
r i v e d  here. 
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C. Dif fe ren t   Con t ro l l ed   Bod ies  
The c o n t r o l l e d  body s t u d i e d  h e r e  i s  t h e  s i m p l e s t  model  of a r i g i d  
s a t e l l i t e .  I t  is  a second  order   system,  and  a l though  the  modulator  i t -  
s e l f .  i s  a f i r s t   o r d e r   s y s t e m ,  i t  i s  a "degenera te"   one .   This   a l lows   the  
dynamic  na tu re  o f  t he  en t i r e  sys t em t o  be  r ep resen ted  by second order  
d i f f e r e n c e   e q u a t i o n s   ( s e e   C h a p t e r   1 1 1 ) .   I f  some "damping" i s  added t o  
t h e  body,  making i t s  t r a n s f e r  f u n c t i o n  
(7.1) 
the whole system may s t i l l  be  represented  by second  o rde r  d i f f e rence  
equat ions,  which w i l l  be s l i g h t l y  more  complex  than  those  tre.ated  here.  
The t r a j e c t o r i e s  w i l l  no  longer  be segments  of  horizontal  l ines  and the 
l i m i t  cyc le  behavior  might  be d i f f e r e n t  f r o m  t h a t  e x h i b i t e d  h e r e ,  e s p e -  
c i a l l y   f o r   l a r g e   v a l u e s   o f   f .  
Bodies  which  a re  not  r ig id  w i l l  h a v e  t r a n s f e r  f u n c t i o n s  o f  a n  o r d e r  
h igher   than  two. I t  seems u n l i k e l y   t h a t   a n y   s i g n i f i c a n t  dynamic prop- 
er t ies  of  such a system could be determined from studies on the  p lane .  
I f  a geometr ical  approach were t o  be used,  i t  would  be a higher  dimen- 
s iona l  approach  and  the re fo re  much more o b s c u r e  i f  a g r a p h i c a l  t r e a t m e n t  
were a t t empted .   Th i s   i nd ica t e s  a more a b s t r a c t   a p p r o a c h ,   a s   d i s c u s s e d  
b r i e f l y  i n  S e c t i o n  F below. 
D. Sensor  Noise 
A t t i t u d e  s e n s o r s  a l w a y s  c o n t a i n  some n o i s e  on t h e i r  o u t p u t  s i g n a l s .  
F o r  t h i s  r e a s o n  r a t e  c i r c u i t s ,  in   sys tems  of   the   type  s t u d i e d  here ,   have 
h i g h e r  o r d e r  t r a n s f e r  f u n c t i o n s  s u c h  a s  
where  the time c o n s t a n t  T is  chosen   t o   d imin i sh   t he  i ll  e f f e c t s   o f   t h e  
no i se   con ten t   o f   e , ( t )  a s  much a s  p o s s i b l e  w i t h o u t  s e r i o u s l y  a l t e r i n g  
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the  fidelity of the Kai(t) term  in e,(t>. An  exact  analysis of the 
system  containing  a rate network  with T f 0 would  require  a  higher 
dimension  state space.  It might  be  possible  to  model  the  noise  proper- 
ties of the  sensor by using the same  system as that shown  in  Fig.  1  and 
adding an "equivalent  noise" at  the output  of  the  simple  lead  circuit. 
This might  lead to a  detailed  study  similar to  those which  would  result 
from  allowing y to  fluctuate  randomly  with  time, or from incorporating 
a  disturbance  torque  into  the  system as suggested  above. 
E. Stability  and  Convergence  Properties  of  Higher  Order  Limit  Cycles 
".~ 
The work described  in  Chapter V establishes  conditions  under  which 
two-pulse  limit cycles will not occur, but it does not prove analytically 
what  will  happen  to  the  system  under  those  conditions.  One  expects,  on 
intuitive  grounds,  that  higher  order  limit  cycles wil.l occur, and  many 
such  oscillations were, in  fact,  observed  from  the  computer  experiments. 
However, it remains to  be shown  analytical,ly,  for  example,  what  condi- 
tions  must be  met fo r  a  stable  four-pulse  limit  cycle  to  exist, and what 
the  convergence  properties of that  limit  cycle  are.  The  same  questions 
can be  asked  about  six-pulse,  eight-pulse,  etc.  limit  cycles. It seems 
these  questions  can  be  approached  using  the  same  techniques  developed 
here  for  the  two-pulse  limit  cycle. The computer  simulation of the  sys- 
tem can be very  helpful,  not  only  in  verifying  analytical  results b t 
also  in  discovering  dynamic  facts  about  the  system  which  themselves  sug- 
gest  modifications  and  improvements in  the analytical  techniques used. 
-
-
F. Abstract  Studies 
The  geometrical  properties of the second  order  state  transition 
equations  treated  here  suggest  that  higher  order  systems  might be ana- 
lyzed  in  a  similar  manner if topological  methods  of  mathematics  can be 
brought  to  bear  on  the  higher  order  equations. A recently  published 
book  by 0. Hajek [191 offers  an  excellent  starting  point  for  anyone  who 
is interested  in  extending  the  work  in  this  direction.  Hajek  introduces 
the  topological  notions  in  two-dimensional  systems. 
Aside  from the purely  intellectual  excitement  offered by  such  an 
abstract  study, it might  lead to some  practical  insight  into  how  multiple 
non l inea r  f eedbacks  f rom the  s ta te  v a r i a b l e s  c o u l d  b e  u s e d  t o  d r i v e  
mul t ip l e  pu l se -modu la to r s ,  each  p rov id ing  an  impu l se  inpu t  t o  the  mul t i -  
v a r i a b l e  p l a n t .  I t  seems t h a t  i t  would   be   exceedingly   d i f f icu l t   to   ob-  
t a i n  p r a c t i c a l  r e s u l t s  f r o m  s u c h  a n  a b s t r a c t  a n a l y s i s ,  b u t  it a l s o  seems 
t h a t  many e x c e e d i n g l y  e f f i c i e n t  c o n t r o l  s y s t e m s ,  s u c h  a s  b i o l o g i c a l  
mechanisms,   opera te   p rec ise ly   in   the   manner   descr ibed   above .   Therefore ,  
t h e  p r i z e  o f  s u c h  a r e s e a r c h  e f f o r t  i s  wor thy  of  the  cha l lenge .  
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Appendix 
DIGITAL  SIMULATION 
The d i g i t a l  computer  program which const i tutes  the s imulat ion of  
t h e  a t t i t u d e  c o n t r o l  s y s t e m  t h r o u g h  t h e  s o l u t i o n  o f  t h e  b a s i c  m a p p i n g  
f u n c t i o n  
is  l i s t e d  h e r e .  Enough  comments a r e  i n c l u d e d  i n  t h e  p r o g r a m  t o  make i t  
s e l f - e x p l a n a t o r y  t o  a n y o n e  w i t h  some knowledge of Fortran programming. 
A master  deck  of  cards,   from  which  this  program w a s  p r i n t e d ,  is on f i l e  
w i t h  t h e  a u t h o r ,  a n d  a copy deck may be obtained from him  upon r eques t  
t o  t h e  E lec t r i ca l  Engineering Department,  University of Washington, 
Sea t t le ,   Washington ,   98105.  
The i n p u t  i n f o r m a t i o n  f o r  a t r a j e c t o r y  c a l c u l a t i o n  i s  s imply 
( x o , y o )   a n d   t h e   d e s i r e d   v a l u e s   f o r  a and y .  The  program is set up 
so t h a t  a whole series o f  d i f f e r e n t  t r a j e c t o r i e s ,  e a c h  f o r  a d i f f e r e n t  
combinat ion  of   (xo,y0) ,  a ,  and y ,  may be  computed  on  one  run  of the 
computer.  The  program  copy shown he re  is t h e   o n e   u s e d   t o   o b t a i n   t h e  
d a t a  l i s t e d  i n  T a b l e s  8 and  9.  
Inc luded  in  th i s  p rogram,  bu t  no t  u sed  in  the  work desc r ibed  in  the  
e a r l i e r  c h a p t e r s ,  is  t h e  c a l c u l a t i o n  o f  a n  e x p r e s s i o n  
2  2 
Vk = x + CxkYk + Byk 
k 
Th i s  is c a l l e d  a Lyapunov f u n c t i o n ,   a n d   v a l u e s   f o r   t h e  two c o n s t a n t s  B 
and C must   be  suppl ied  to   the  computer .   V(k)  is p r i n t e d   o u t   a l o n g  
wi th   x (k)   and   y(k) .  
A l so  inc luded  he re  is a r e a d o u t  s h e e t  i l l u s t r a t i n g  t h e  f o r m a t  i n  
which t h e  t r a j e c t o r i e s  are l i s t e d .   T h i s   o n e ,   f o r  x = 1 5 ,  = -0.1 
y = 1, and = 0 . 5 ,  l ists  t h e   d a t a   p l o t t e d   i n   t h e   s m a l l e s t   c u r v e  of 
Fig .   25 .   Note   here   tha t   the   two-pulse  l i m i t  c y c l e  is e n t e r e d  on s t e p  
number 40.  
0 YO 
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SWATFOR  RUN=FREE 
30  F O R M A T ) - l - r - G A M M A )   A M P L I F I E R   F I R I . N G - I H R E b H O L D  *=-,F8.4,6Xs-L=-, 
3 1  F O R M A T I -  - , 6 X * - K = - r 1 3 , 4 X s - X ) K * = - , F l l . 5 , 4 X , - ~ ) K ~ = - , F l l . 5 ,  
3 2  F O R M A T I - 0 - 9 -   ' I H E , b Y b I E M  Ib A I   R E ~ I   I N   I H E   D E A D   L O N E ) Y = U - ~ F ~ . ~ ~  
C R o N - C L A R K   L I M I T   C Y C L E   O S C I L L A T I O N   S T U D Y  
1 F 6 . 4 ~ 5 X 9 -   L Y A P u N O v   C O N s i A N 1 3   C =  -9F4.2,- B= -,F4.2,/* 
l S X r - R E G I O N = - , I 2 ~ 9 X ~ - V = - ~ F l U o 3 *  
l - I X ) - r F 7 . 4 , - * - %  
I N T E G E R   E G I O N  
R E A L   X ) 2 5 1 * r Y ) 2 5 1 * r V ) 2 5 1 *  
R E A L   L ) l * / . 5 /  
R E A L   Y Y ) 2 Q / 1 0 . 1 7 1 r l C . 1 7 2 /  
R E A L   X X ) l * ' / O . C /  
R E A L  G G )  1 * / 7 . 0 /  
t38=1. 
C=l.O 
C*****BB  AND C A R E   1 H E   L v A P u N O v  C O N ~ I A N I ~  
C*****A  -DO LOOP-   SHOULD  REPLACE I H E   F O L L O W I N G   > I A I E M E N I  v1HE.N 
C T H E R E  E X I S T S  MORE  THAN  ONE V A L U E  I N   I H E  GG ARRAY. 
C*****A  -DO LOOP-   SHOULD  REPLACE T H E   F O L L O W I N G   S T A T E M E N T  WHEN 
C T H E R E  E X I S T S  MORE  THAN  ONE V A L U E   I N   T H E  L ARRAY. 
N = l  
J= 1 
SQL=L)J**L)J++)l..GG)N**/2.0 
C-*****THE  FOLLOWING DO L U O P   I T E R A T I O " 1 S   H O U L D   C O I N C I D E   W I T H  
C NUMBER  ONVALIJES I N   I H F  X AND/OR Y A R R A Y > .  
C * * * * * I N   T H I S   P O S I T I O N   C O N T R O L   S T A T E M E N T S ) I F *   A R E   P L A C E D   T O  
C M A N I P U L A T E   T H E   M A N N E R   I N W H I C H  X AND Y ARRAY5  ARE  RUN  TOGETHER.  
C* * * * *THE  FOLLOWING DO L O O P   C O N T R O L S   T H E   N U M B E R   O F   I T E R A T I O N S  
C M I N U S   O N E .  
C*****THE  FCILLOWING I F  S T A T E M E N 1 5   C O N I R O L   I H E   I N I I I A L   v 4 L u E S  
C O F  X AND Y AT   THE  COVMFNCEYENT  OF  EACH  SERIES  QF  ITERATION.  
DO 9 9 9 0  K K = 1 , 2  
DO 1 U C O  K ' 1 9 5 1  
1 F ) K  .EQ. l* Y ) K * = Y Y I K Y *  
I F ) K  .EO. 1% X ) K + = X X ) l *  
C  NOW F I N D  X FOR FACH ROUNDARY 
X l = l .  - L l J + * Y ) I < *  
X 2 = - 1 .   - L ) J + * Y ) K "  
I F ) Y l K * . G T . ( J . O * X 3 = - ) ? . .  L ) J Q * Y ) K * .  L)J**SQHTI)l..GG)N***Y)~*/Z.** 
IF)-YIK*.GT.O.O*X4=1.-L)J**Y)K* L)J*~SbRl)-)l..GG)N***YlK%/2.* 
C  NOW WE JUMP TO  THE  ROUNDARY  SET  FOR  Y=O  9GT 0 + L T  0 
I F l Y ) K *  .GT. G.0* GO TO 666 
I F ) Y ) K *  .LT. G.C* GO T O  7 7 7  
I F ) Y ) K *  .EO. C.09 GO TO 888 
C NOW WE F I b J D   T H F   R E G I O N   O F   O C C U P A T I O N  
666  I F ) X ) I < *  .GT. X l * R E G I O N = l  
I F ) X ) K *  .LE. X 1  .AND. X ) K *  mGE. X 2 * R E G I O N = 5  
I F ) X ) K *  .LE. X 2  .AND. X ) K *  .GE. X 3 * R E G I O N = 3  
I F ) X ) K *  . L T .   X 3 * R E G I O N = 2  
GO  TO 9 6 0  
I F ) X ) K *  .LE. X 4  .AND. x ) K *  .GE. n l * K E G I O N = 4  
7 7 7   I F ) X ) K *  .GT. X 4 * R E G I O N = 1  
5 .  
6. 
7. 
8. 
10. 
11. 
12. 
13. 
14- 
1 5 0  
160 
1 7 -  
18. 
19. 
2 0 .  
21. 
2 2  
2 3 -  
24. 
2 5 .  
26. 
2 7 .  
28. 
2 9  
70. 
31. 
32. 
3 3 .  
34 .  
75 . 
35.1 
3 6 0  
37 .  
3 8 .  
79. 
4 1  
4 2  
4 3 .  
44. 
4 5 .  
4 6 -  
47. 
48. 
49. 
5 0 .  
5 1 .  
5 2 .  
5 3 .  
5 4 .  
5 5 .  
56. 
5 7 .  
58.  
5 9 .  
9 .  
4 n .  
PROGRAM STATEMENTS 
I F ) X ) K *  .LE. X1 .AND. X ) K *  oGE. X Z * R E G I O N = 6  
I F ) X ) K *  .LT .   XZ*REGION=Z 
GO T O  900 
8 8 8  I F ) X ) K *  . G E *   X l R F C I O N = l  
I F ) X ) K *  .GE*   X l *GO  TO 9 0 0  
I F ) X ) K *  .LE .   XZ*REGION=Z 
I F ) X ) K *  .LE.  XZ*GO  TO 9 0 0  
W R I T E ) 6 , 3 2 * X Z , X l  
GO TO 9 9 0 9  
90ci C O N T I N U E  
C K N O W I N G   T H E   O C C U P I E D   R E G I O N  WE  NO!J F I N D   T H E   N E X T   S T E P  
1 1  
22 
3 3  
44  
55 
6 6  
9 50 
1900 
1 F ) K  .EQ. ~ * W R I T E ) ~ ~ ~ G * G G ) N * , L ) J * P C ~ B S  
1 F ) R E G I O N  .EO. 1 * G O  T O  11 
I F I R E C I O N  .FO. 2*GO T 0 . 7 2  
I F I R E G I O N  .EO. 3*GO TO 3 3  
I F I R E G I O N  .EO. 4*GO  TO 44  
1 F ) R E G I O N  .EO. 5*GO TO 5 5  
I F I R E G I O N  .EO. 6 * G O  TG 66 
D = - 1  
Z Z = ) X ) K *   . L ) J * * Y ) K *   o D * * * Z   - D * S O L " Y ) K *  
X ) K . l * = - D * S O R T ) Z Z * - D   - L ) J * * Y ) K *  
GO TO 9 5 0  
D=.1.0 
Z Z = ) X ) K *   . L ) J * * Y ) K Q   . D * * * 2   - D * S @ L * Y ) K *  
X ) K . l * = - D * S O R T ) Z Z * - D   - L ) J * * Y ) K *  
GO TO 9 5 0  
D = - 1  .O 
Z Z = ) X ) K *   . L ) J s * Y ) l < *   - D * * * 2   - D + S O L * Y ) Y *  
X ) K . l * = - D * S O R T ) Z Z * - D   - L ) J * * Y ) K *  
GO TO 9 5 0  
D = l . G  
Z Z = ) X ) K *   . L ) J * * Y ) K *   - D * * * 2   - D * S Q L * Y ) K *  
X ) K . I + = - D * S Q R T ) Z Z * - D   - L ) J * * Y ) K *  
GO TO 9 5 0  
D z - 1  0 
Z Z = - D * S Q L * Y ) K *  
X ) K . l * = - D Q S O R T ) Z Z %  -D - L ) J * * Y ) K *  
GO TO 9 5 0  
D=.1.0 
Z Z = - D * S Q L * Y ) K *  
X ) K . l * = - D * S O R T ) Z Z *   - D   - L ) J * * Y ) K *  
C O N T I N U E  
Y I K o l + = Y ) K *  0 
V ) K * = X ) K * * * 2   . C * X ) K * * Y ) K *   . B B * Y ) K * * * 2  
I = K - 1  
W R I T E ) ~ , ~ ~ * I I X ) K * , Y ) K * ~ R E G I O N ~ V ) K *  
C O N T I N U E  
9 9 9 9  C O N T I N U E  
19999 C O N T I N U E  
RETURN 
END 
BDA  TA 
B S T O P  
60. 
61 
6 2  
6 3 .  
6 4  
6 5  
66  0 
6 7 -  
68  
69. 
70. 
71. 
7 2  
7 3 .  
74 
7 5 .  
7 6  0 
77. 
78. 
7 9 .  
80. 
8 1 .  
8 2 .  
8 3  
0 4 0  
0 5  
8 6  
8 7 .  
0 0 .  
89  ' 
9 0. 
91 .  
92.  
9 3 .  
94. 
95 .  
96  
9 7 .  
9 8 .  
9 9 .  
100. 
101. 
102. 
103-  
1 0 4 .  
105 .  
106. 
107. 
1 0 8 .  
109 .  
110. 
111 .  
1 1 2 .  
1 1 3 0  
114. 
115. 
PROGRAM STATEMENTS (cont) 
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GAMMA( A M P L I F I E R   F I f Y G   T H R E S H O L C  ) =  1.'3190@ L=0.5@00 
K =  0 
K= 1 
K= 2 
K =  3 
it= 4 
K =  5 
K =  6 
K= 7 
K =  8 
Y= 9 
K =  li) 
K =  11 
K =   1 2  
K =  13 
K= 1'1 
K= 1 5  
K =  16 
K =  17 
K= 18 
K =  19 
K =   2 C  
K =  2 1  
K =  2 2  
K =  2 3  
K =  2 4  
K= 2 5  
K= 2 6  
K =  2 7  
K =  2 3  
K =   2 9  
K=  -3fl 
K= 3 1  
K= 3 2  
K= 3 3  
K =  3 4  
K =  3 5  
K =  3 6  
K =  3 7  
K =  ?Ei 
K =  39 
K =  40 
K =  41 
K =   4 2  
A =  4 3  
K= 4 4  
K- 45  
K= 4 h  
K =  47 
K= 4 8  
K= 4 9  
K =  50 
K =  5 1  
K= 5 2  
K= 53 
K =  5 4  
K =   5 5  
K =  5 6  
K =  57 
TYPICAL READOUT DATA 
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R E G I O N =  1 
REGION= 1 
R E G I O N =  1 
R E G I O N =  1 
R F G I O N =  1 
REGION=. 1 
REG ION= 1 
R E G I C N =  1 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  1 
R E G I O N =  1 
R E G I @ N =  1 
R E G I O N =  1 
R E G I C N =  1 
R E G I O N =  1 
REGION= 1 
R E G I O N =  4 
R E G I O N =  2 
REGION= 2 
K E G I O N =  2 
R E G I O N =  2 
R E G I O N -  2 
R F G I C N =  2 
REGION= 2 
R E G I C N =  2 
R E G I O N =  2 
REGION= 2 
R E G I O N =  2 
REGIClN= 2 
R E G I C N =  2 
QEGION= 2 
REG  ION= 2 
R E G I C N =  2 
R E G I O N =  2 
REGION= 2 
R E G I O N =  3 
R E G I O N =  4 
R E G I O N =  5 
R E G I O V =  6 
R E G I O N =  5 
R E G I O N =  6 
REGICIN= 5 
R E G I @ K =  6 
Q E G I @ N =  5 
R F G I O N =  6 
REGION= 5 
R E G I O N =  6 
R E G I O N =  5 
R E G I O N =  6 
R.EGION= 5 
REGION= 6 
R E G I O N =  5 
R E G I O N =  6 
R E G I O N =  5 
R E G I O N =  6 
R E G I O N =  5 
NASA-Langley, 1968 - 21 CE-1369 
